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ON FUNCTIONAL EQUATIONS OF FINITE MULTIPLE 

POLYLOGARITHMS 

KENJI SAKUGAWA AND SHIN-ICHIRO SEKI 


Abstract. Recently, several people study finite multiple zeta values (FMZVs) and fi¬ 
nite polylogarithms (FPs). In this paper, we introduce finite multiple polylogarithms 
(FMPs), which are natural generalizations of FMZVs and FPs, and we establish func¬ 
tional equations of FMPs. As applications of these functional equations, we calculate 
special values of FMPs containing generalizations of congruences obtained by Mestrovic, 
Z. W. Sun, L. L. Zhao, Tauraso, and J. Zhao. We show supercongruences for certain 
generalized Bernoulli numbers and the Bernoulli numbers as an appendix. 


1. Introduction 


From the end of twentieth century to the beginning of twenty-hrst century, Hoffman and 
J. Zhao had started research about mod p multiple harmonic sums, which are motivated 
by various generalizations of classical Wolstenholme’s theorem. Recently, Kaneko and 
Zagier introduced a new “adelic” framework to describe the pioneer works by Hoffman 
and Zhao and they dehned hnite multiple zeta values (FMZVs). Let fci,..., be positive 
integers and k := (fci,..., km)- 

Definition 1.1 (Kaneko and Zagier [TOl [II])- The finite multiple zeta value Ca(II^) is 
dehned by 

CA(k) := ( fci ^ fc mod pi eA 

\ ' ry-f . IT) <^171 

\p>ni>--->nm>0 1 

and the finite multiple zeta-star value C^(k) is dehned by 

1 


a(k) := 




\p—l>n\>--->nm>l 

Here, the Q-algebra A is dehned by 


fci 


mod p ] G A. 


A:= 


•n; 



where p runs over all prime numbers. 


In this framework, Kaneko and Zagier established a conjecture, which states that there 
is an isomorphism between the Q-algebra spanned by FMZVs and the quotient Q-algebra 
modulo the ideal generated by C(2) of the Q-algebra spanned by the usual multiple zeta 
values. 

On the other hand, Kontsevich [H], Elbaz-Vincent and Gangl introduced hnite 
version of polylogarithms and studied functional equations of them. Based on their works, 
Mattarei and Tauraso [IH] calculated special values of hnite polylogarithms. 


1 
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Inspired by these studies, we introduce a finite version of multiple polylogarithms in 
the framework of Kaneko and Zagier: 

Definition 1.2 (See Definition I3.8p . The finite multiple polylogarithms (FMPs) £^,k(^), 
£yi,k(^), and £^k(^) defined by 


£A,k(^) 


£A,k(^) 


£A,k(^) 





mod p 1 G 

p 


• ^ . . . rpk-n 

\p>ni>-">nm>0 1 ^ 

-tt— r p 

' ^ ffl ^ 

^p-l>ni>--->n,„>l 1 rn 


_ i _ 

k\ jc 

‘Y) 79 ^rj 

\p>ni>--->n^>0 1 ^ 


mod p 1 G 

p 




nfi * * • Ti^'^ 
\p-l>ni>--->nm>l 1 


mod p 


€ -A-m]-, 


Here, the Q-algebra A^t] is defined by 



where p runs over all prime numbers. 


The symbol £ is used for the finite polylogarithms by Elbaz-Vincent and Gangl in their 
paper [1]. 

The main purpose of this paper is to establish functional equations of FMPs. Special 
cases of the main results are as follows: 


Theorem 1.3 (Main Theorem). The following functional eguations hold in Az[t]: 
(1) = £A,kv(l —t) — C^(k^), 


m—1 

(2) (-i)”-n^,k(i) = 21i(t) + 5;(-ir£A(»,. 

i=i 

Here, k is the reverse index and k'^ the Hoffman dual ofk [see Subsection \2.1\\ . 


The equality ([T]) is a generalization of the Hoffman duality [SI Theorem 4.6]. The 
precise version of the main results are Theorem 13.121 Corollary 13.131 Remark 13.141 and 
Theorem 13.151 which consist of the multiple variable cases of ([T]) and ([2]), the M 2 -version 
of ([1]), and the version of ([2]) for any positive integer n (see Theorem 11.51 below and 
Subsection 13.11 for the definition of An)- Main results are obtained as mod p reductions 
of generalizations (= Theorem 12.51 and Theorem I2.10p of classical Euler’s identity: 


N 


( 3 ) 




n—1 


n=l 


N 


n 


- = E-. 

n n 

n=l 


where iV is a positive integer ([5]). The functional equation ([2]) and its generalization also 
hold for the usual multiple polylogarithms fTheorem I2.13p . 
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As applications of the functional equations, we will calculate some special values of the 
hnite multiple polylogarithms by using Tauraso and J. Zhao’s results for the alternating 
multiple harmonic sums in Subsection 14.11 

Several people study supercongruences involving the harmonic numbers (Z. W. Sun, 
L. L. Zhao, Mestrovic, and so on). For instance, Z. W. Sun and L. L. Zhao proved the 
following congruence: 

Theorem 1.4 (Z. W. Sun and L. L. Zhao |26l Theorem 1.1]). Let p be a prime number 
greater than 3. Then 

k=l 

where Hk = X]j=i l/j ^^e k-th harmonic number and Bp^ is the {p — 3)-rd Bernoulli 
number. 

We can regard such congruences as explicit formulas of special values of FMPs and we 
will give generalizations of some of them. As an application of main results, we obtain 
the following theorem which is a generalization of Theorem 11.41 (= the case m = 2 in 
Theorem II.Sp : 

Theorem 1.5 (cf. Theorem 14.61) . Let m be an even positive integer. Then we have 

£%,{l}-(l/2) = ( %m+l 

where Bp_m-i is the {p — m — l)-st Bernoulli number and 

£%,{i}-(l/2):= ( 5 ^ —-i^modpM ^nA2. 

\p-l>ni>->nm>l 1 /p 

Here, the Q-algebra A 2 is defined by 



Independently of us, Ono and Yamamoto gave another dehnition of FMPs and estab¬ 
lished the shuffle relation in their preprint [21]. We will investigate a relation between our 
FMPs and Ono-Yamamoto’s FMPs and calculate its special values. 

This paper is organized as follows: 

In Section [21 we prove generalizations of Euler’s identity involving binomial coefficients 
by introducing some formal truncated integral operators. In Section [31 we define the ring 
A^ and recall some known results on FMZVs. Then we introduce FMPs and prove 
the functional equations by applying identities obtained in Section [21 In Section [H as 
applications of the functional equations, we calculate special values of FMPs. We also 
study the relation between our FMPs and the ones defined by Ono and Yamamoto. There 
are two appendices in this paper. In [^ we give an elementary proof of super congruences 
for the generalized Bernoulli number for powers of the Teichmiiller character and the 
Bernoulli numbers. [Bl is a table of sufficient conditions for special values of FMPs. 
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2. Generalizations oe Euler’s identity 

2.1. Notations for indices and the Hoffman dnal. Here, we recall an involution 
introduced by Hoffman on the set of indices. 

We define the set / by 

/ := ( Z>o X • — X Z^qJ 

meZyo ra 

and we call an element of I an index. For an index k = (fci,..., km) G / we dehne the 
weight (resp. the depth) of k to be fci + ■ ■ ■ + (resp. m) and we denote it by wt(k) 
(resp. dep(k)). 

For a non-negative integer /c, the symbol {fc}"* denotes m repetitions {k,... ,k) G Z>g 
of k. Let Oj := ({0}*“^, 1, {0}”^“*) when m is clear from the context. Throughout this 
paper, we use the following operators for indices: 

For three indices k = (fci,..., km),^i = {k[,..., and k 2 = {k '(,..., k'^i), we dehne 
k, ki U k 2 , and k © ki by k := {km ,..., fci), ki U k 2 := {k [,..., k'm, k ”,..., and 
k © ki := {ki + k[,..., km + k'm), respectively. 

Let W be the free monoid generated by the set {0,1}. We denote by Wi the set of 
words in W of the form ■ ■ ■ 1. We see that the correspondence 

{ki,...,km) 

— 1 fc2 — 1 — 1 

induces a bijection w: I Wi. 

Definition 2.1 (cf. [HI Section 3]). Let r: IF —)■ IF be a monoid homomorphism dehned 
by t( 0) = 1 and r(l) = 0. Then we dehne an involution / —)■ / by the equality 
w(k^) = r(w(k)l“^)l. We call this involution the Hoffman dual. 

By the dehnition of the Hohman dual, we see that k^^ = k holds for any index k. We 
can use the notation k since the Hohman dual and the reversal operator k i—)■ k commute. 

Example 2.2. We have the following equalities: 

m'' = {ir, = ({iu-',2,{i}'=»-'), 

{h, fe, hr = ({i}‘--‘, 2, 2, {i}‘»-‘), 

(fci,{iU-T = ({!}'■■-■, fcj). 

Here, m, ki, ^2 and k^ are positive integers and the third equality holds when ^2 is greater 
than or equal to 2. 

The following lemma is useful for inductive arguments on weight: 

Lemma 2.3. Let k be an index and k'^ its dual. Then we have (k © ei)'^ = {1} U k^ and 
({l}Uk)v = (kv©ei). 

Proof. These are obvious by the dehnition of the Hohman dual. □ 

We can prove that the equalities wt(k^) = wt(k) and dep(k) + dep(k^) = wt(k) + 1 
hold for any index k by using the above lemma. 

Remark 2.4. Hohman dehned the dual k i—)■ k^ by another way (see [H Section 3]). Let 
Ju, := {k G / I wt(k) = w} for a positive integer w and V{{1, 2,.. .w — 1}) the power set 
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of {1, 2,..., w — 1}. Then there is a bijection 'ip: ^ ^({1) 2, ... ,w — 1}) dehned by 

the correspondence 

k = (ki, ..., km) I—t {ki, ki + k2, ■ ■ ■ , fci + • • • + km-i} 
and the original Hoffman dual is dehned by 

:= V’"^({l,2,...,w-l}\i/’(k)) 

for k & Iw This dehnition is equivalent to the hrst dehnition since the identities in Lemma 
12.31 also hold for this dual. 


2.2. Generalizations of Euler’s identity and their corollaries. In this subsection, 
we state polynomial identities which will be used for the proof of our main results in 
Subsection 13.21 We will give the proofs of Theorem 12.51 and Theorem 12.101 in Subsection 
12.41 Through this subsection, let Rhe & commutative ring including the held of rational 
numbers. 


Theorem 2.5. Let k = (fci,..., km) be an index of weight w and N a positive integer. 
Then the following polynomial identity holds in R[ti ,..., tm] ■ 


(4) 


E (-1) 

N>ni>--->nm^^ 


ni 


AT\ ^ni-n2 ^nm-i 


ni 




n 


k-i 


'ririi' 


E 


(1 _ U+i ... (1 - 1-”*—i+i{(l - tmT^m - 1} 


ni••• 


(5) 


E 

V>ni 


.ni—n2 _ _ _ 

‘'1 ' ' ' ''m—1 ‘'m 


n 


ki 

1 


■ ■ - n 


km 

m 


E (-!)"■ 



(1 ... (1 - - tm)^lrr. 


where h = ki,l 2 = h + h, ■ ■ ■ ,lm = h -h km{= w). 


1 } 


When we substitute 1 for some of H,..., in the left hand side of dH), some terms 
vanish and some 0° appear in the summation of the right hand side. We consider 0° as 
1 since t^~"' = is 1 as a constant function for a variable t and a positive integer n. In 
such situations, we can rewrite (jll) as follows: 


Corollary 2.6. We use the same notations as in Theorem 1^.51 Let {ii,...,i/j} he any 
subset of {1,... ,w — 1} with the complement {ji,... , jh'} o,nd put {k [,..., k'^,) := {ki + 
-h fcii, fcii+i H-h , ki^+i H-h km^■ Then we have 




E 

>•••>) 

E 


■1) 


ni 


N\ 




np 




(1 - + + i ■ (1 - - tm)^m' - 1} 


N>ni>--->n^i>l 

where Li := Ij. — ji-\- i for i = 1,..., m'. 




k’ , 
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Proof. If the condition 




holds, then we have 


(1 - - t2p2-^l2 + ^ • • ■ (1 - _ 1 } 

= (1 - • • • (1 - - tmT- - 1 } 

as a polynomial eqnality. On the other hand, if {rii ,..., ri^,) does not satisfy the condition 
(*), then the term for [rii ,..., n^,) of the right hand side of Theorem 12.51 (HI) vanishes when 

til ~ ~ ^ih ~ 1- 

By the dehnition of the Hoffman dnal, we have 

\J‘li^2i • • • 1 —1 } 1 } \ 

where = k'^, 1'2 = k[ + ^ ~ k[ + ■ ■ ■ + k'.^,_^. Therefore we can rewrite the 

condition (*) as follows: 


'^1 ■ ■ ■ ^i[i ■ ■ ■ ^^0 ''' ’ ^^^/_i+l ''' '^w- 

Hence we have the desired formnla. 


□ 


In particnlar, we have the following corollary: 

Corollary 2.7. Let k = {ki, ..., km) be an index, k'^ = {k[, ..., k'^,), and N a positive 
integer. Then we have the polynomial identity 

(1 - t)”-' - 1 

N>ni>--->n^/>l 

in R[t]. 

Remark 2.8. The case k = m G Z>o of Corollary 12.71 ll6l) gives Tanraso-Zhao’s identity 
[28| Lemam 5.5 (42)] and the case t = 1 of Corollary 12.71 ll6l) gives Hoffman’s identity 
[SI Theorem 4.2]. Dilcher’s identity |2] and Hernandez’s identity [B] are special cases of 
Hoffman’s identity. All these are generalizations of Enler’s identity (13|) . 

Remark 2.9. Theorem l2.5l is also deduced from Kawashima-Tanaka’s formula [T^ Theorem 
2.6], which is a generalization of the identity 

^ \n J n + 1 A^ + 1 


( 6 ) 


E 

N>ni>-”>nr) 


- 1 ) 


ni 


>1 


N 


nij n 




•n:; 


(cf. [HI Woord’s solution]). Our proof of Theorem 12.51 in Subsection 12.41 is quite different 
from the proof by Kawashima and Tanaka. 
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Theorem 2.10. Let k = (fci,..., km) be an index of weight w and N a positive integer. 
Then the following identity holds in R[ti,tf ^,..., tiff] : 


(1 - • • • (1 - ia)”'—- h)"'™ - 1} 


A^+l>ni>--->nm>0 


= (-1)™-' E 

(7) m-l / 

+ i:(-ir“'-' i: 

j=l \ iV+l>ni >--->nj >0 


77-1 • • • n^, 

0^1 


E 

\N'>ni'>--->ni _ >1 


(1 - + ^ ■ ■ ■ (1 - + - 1} 


ni ■ 


and 


E 

N'+l>7il>--->nm>0 




iV>niE>n„>l 

(8) m —1 


{(i-ur- -1} 




^ I ^ (*1/^2)’^^ ■ ■ ■ (u 7 u+i)’^j I ^ 


fcl 

N'+1>711 > •• •>717 >0 '''Llj 


h ~ '1 ' 1 +^ ■ ■ ■ (1 — u- 1 - 2 ) - 




{(i-U+ir--^ -1} 


ni ■■■n: 


where h = ^2 = ■■■,lm = km^ -h ki{= w). 

Theorem 2.11. Let k = {ki,. ■ ■, km) be an index and N a positive integer. Then the 
following identity holds in R[ti,... ,tm] ■ 


■ 1 ) 


m—1 


W+l>ni> ■>nm>0 ' ' ' fhn 


Y. 

i>-' 


4.TI\ -f-Tlm 


Y 


j.ni _ _ _ j.nr 


m—1 


Y 


~ki ^ 




j.n\ TT^m—j 

‘ ^j+1 
'■j+i 


j=l \A+l>ni>--->nj>0 '"^j I \N>ni>...>nm-j>i-'^l " ' ^m-j 


Proof. By combining Theorem 12.51 fl5l) and Theorem 12.101 l|8jl , we have 



hiA2)"^ 


(tl/t2)-^---fe/U + lP 
nf 1 • • • n/ 


N>ni>--->nm>l 


E 

>... 

E 


,n 


t'p 


j.ni—712 T^m-j-l '^m — j.'^m — j 

' ^j+2 ^j + 1 




in R[ti, ..., t^]. By replacing ti/t 2 ^ ti,..., tm-i/tm ^m-i, we obtain the desired 
identity. □ 


As applications of Theorem 12.Ill we can prove not only a formula for the finite multiple 
polylogarithms (= Theorem l3.15p but also a formula for the usual multiple poly logarithms 
by taking the limit N ^ 00 . We recall the definition of the multiple polylogarithms: 
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Definition 2.12. Let k = {ki,...,km) be an index and complex nnmbers 

satisfying at least one of the following conditions for absolnte convergence: 

(i) \zi\ < 1 and \zi\ < 1 (2 < i < m), (ii) \zi\ <1 {1 <i <m) and ki > 2. 

Then, we define the multiple polylogarithms by 


Life 




. Zm. ) • — 


• ^ 79 ^^ • • • 79 ^^ 

ni>n2>-">nm>l ^ ^ 


• • • ) ^m) ■ 


ni>n 2 >--->n, 


77 . . . 77 fcrj 

^>1 'T "'m 


If fci > 2, then we define the multiple zeta{-star) values C(k) and by C(k) : = 

Likdl}™) and C*(lk) := Li^({l}'"), respectively. 

Theorem 2.13. Let k = {ki,..., km) be an index and zi,. ■ ■ ,Zm complex numbers satis¬ 
fying at least one of the following conditions: 

(i) \zi\ < 1, \zi\ <1 (2 < i < m — 1), and \zm\ < 1, 

(ii) \zi\ < 1 (1 < i < rn), ki > 2, and km > 2. 

Then we have 


^ , Zj) • • • , Zj-^-i) — 0. 

j=0 

Here, we consider Li(fcj,...,fcp(2:i, • • •, Zj) {resp. • • •, %+i)) as 1 when j = 0 

[resp. j = m). 

If fci > 2 and km >2,, then we have 


(9) • • • ■ .... k,W = 0. 

j=0 

See Remark [3.171 


2.3. Truncated integral operators. In this snbsection, we introdnce truncated integral 
operators to prove the theorems in Snbsection 12.21 Throngh this snbsection, let i? be a 
commntative ring inclnding the field of rational nnmbers Q and N a positive integer. Let 
t and s be indeterminates. 

Let J*dt: i?[f] —?■ i?[f] be the formal indefinite integral operator satisfying the condition 
that the constant term with respect to t is eqnal to 0, that is. 



dt:=J2 

n=0 


,n+l 

n + 1 
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We prepare the following five i?-linear operators: 

It-R \ tR[t\ — tR[t\ s] —)■ Rls/tj[t] 


fit) ^ ^ 
Wf,R- Riit~^)) - 

m 

^ ttnf' 


fit) 


dt, 


fit,s) 


fit,s) 
t — s 


ds, 


R[t] 


X]n=o ^nt"' if uq is noH-negative, 
0 otherwise, 


fl|«l ^ R{t] 

oo 

n=0 n=0 

Riit~^)) t-^Rlt~^] 

OO oo 

^ ^ I y ^ ^ (Int 


N 


n=no 


n=l 


Here, we consider the formal integral operator in the dehnition of It,s-,R as an operator on 
i?((f“^))[s]. For instance, we have 


( 10 ) 


i=i 


s^+R-i 


3 


for a non-negative integer n. 

Definition 2.14. We dehne the truncated integral operators Jfg.R and Jf^g-R by 
Jls-,R ■= °R,s-,r- R[fs\ —^ R[s][t], 

JZ-,r ■= ° ^ 

We can check easily that the image of Jfg.R (resp. is included in R[t, s] (resp. 

t~^R[t~^, s]). 

For simplicity, we omit the ring R from our notations. The following Lemma 12.151 and 
Lemma 12.181 are fundamental for the proofs of Theorem 12.51 and Theorem 12.101 

Lemma 2.15. Let n be a positive integer. Then we have the following identities'. 


(11) 

( 12 ) 

(13) 

(14) 


fn 

Rin = 

n 

n 

/,((!-()"-l) = E 

i=i 


(1 - 1)’ - 1 


jun = E 


i=i 


3 


j*,((i -«)” -1) = E 

i=i 


(1 -f)’"-^{(l -s)^’ 



Proof. The equality flTT]) can be easily checked. We show the equality flT^ . Set T ■.= 1 — t. 
Then the left hand side of flT^ equals to 




l-T 


-dT = 



Tt - 1 


3 
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By the definition of T, we obtain the equality flT^ . Let us show the equality flT^ . By 
the equality fflU]) . the following equalities hold: 




sH^-^ 
J 


E 


sH^-^ 
j 


0=1 / i=i 

Finally, we show the equality flT^ . Note that the following equalities hold: 


' s—l\n /s—1 \n 




t — s 


1 - 


t-1 


-I _ s —1 -I _ ^ —1 

t-1 ^ t-1 


n—1 




j=0 


n—1 




j=0 


a-sy 

t — s 


As Jlsifis)) = PL,_rIs](/ ~ ^ ^ equality flTOj) . we have 


n — 1 


j*A{i-ir-i) = A%((i-r)= / \-Y.{i-sy{i-tr-^-^]ds = j 2 


(i-tr-n(i-sh-i} 


1=0 


1=1 


This completes the proof of the lemma. 


□ 


Before we give the lemma for we prepare the following two auxiliary lemmas: 


Lemma 2.16 (cf. pTl Proof of Lemma 4.1]). Let N be a positive integer. We have the 
following polynomial identities in R[t] : 


(15) 


^ \n J n ^ n 

n=l ^ ' n=l 


N 


N 


(16) 


E)r-EM)’ 


n=l 


n=l 


N\ (1 - - 1 


n 


n 


Proof. First, we remark that (1 — t)^ — 1 = (^) Then by applying A to both 

sides and using Lemma 12.151 (ITTil and (lT2jl . we obtain the identity (lT5ll . The identity (ITHIl 
is obtained by the substitution t ^ 1 — t and the Euler’s identity (I3]), which is a special 
case of the identity (IT^ . □ 

Lemma 2.17. Let j and n be non-negative integers satisfying j < n. Then we have the 
following polynomial identity in R[t] : 
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Proof. By the binomial expansion, we have 


{t + s + ts)^ = {t + {i + t)s}^ = ^ p{i + ty-^s 

i=o 


-3 


On the other hand, we have 


{t + s + ts)^ = {t(l + s) + s}" = ^ 

k=0 ^ ' 


E 

k=0 


k / T \ n { n 

k (^\ ^k-j^n-k ^ 


‘“E 

j=0 


kj ^ \] 




i=o t k=j 


kJ \j 


Compare the coefficient of s” P 


□ 


Lemma 2.18. Let N and n be positive integers. Then we have the following identities in 

R[t^^,s] : 


N 


(17) J,"(i”)= E 


sH^-^ 


j=n+l 


J 


(18) J~((l - i)" - 1) = - ^ 

i=i 


(1 - ()”-y(i - i,)i -1} 


j 


N 

E 

vi=i 


{s/ty 

j 


{{i-tr-i}. 


Here, we understand the summation in the right hand side of the eguality 03 as 0 ifn+1 
is greater than N. 

Proof. The equality (IT7D is an immediate consequence of the equality (ITU]) . We show the 
equality (ITK]) . By the equality 




we have 

n 


(19) 


A;=0 


i=l 




k=0 


sH^-^ 


,j=fc+i 


J 




A:=0 

N 


vj = l 


rt rt 

ii=i i=i 


i=i ^ 


n>k>j>l 


kJ j 


Since the equality 


{^/ky ^ fk\ (1 “ ^/k)^ ~ 1 


i=i j=i 

holds by Lemma 12.161 (fTB|) , we have 


n>/c>j>l 


n'>k>j>l 
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Furthermore, by Lemma 12.171 we have 

C 


E "'-‘ i*- 1 f')*v■' 


n>k'>j'>l 


n 


3 




e 


(i-irE 


i=i 


n\ 1 


3/3 


t — s 
1 -1 


1 -1 


Therefore, according to Lemma 12.161 flT^ . we can delete the binomial coefficients com¬ 
pletely as follows: 




n>k>j>l 


n 


\3 


k\ ( 1 - s/ty - i ^fc ^ 


i=i 

n 


1 - 


s — t 


1-t 


- 1 - 


—t 
1 -1 


1 — s 
l-t 


E 

i=i 


i=i 

3 


l-t 


Hence, we have the desired identity by the equalities flT^ and ^^^(1) = '^f=i 

2.4. Proofs of Theorem 12.51 and Theorem I2.10L 


□ 


Proof of Theorem 12.51 We show this theorem by the induction on the weight w of the 
index. If tc = 1, the assertion of the theorem is nothing but Lemma [2.161 We show only 
the equality (jl]) because the proof of the equality ([5]) is completely the same. Now, we 
assume that the assertion holds for an index k = {ki,, km)- Then it is sufficient to show 
that the assertions also hold for the indices ki := (fci,..., /Cm + 1) and k 2 := (fci,..., km, !)• 
First, we consider the case ki. By Lemma [2.151 ffTTll . we have 


‘u. 


N\ Tl 


rii 


711—712 ^ ^ ±77m — l j.nm 

^771—1 ^771 


ki k 

n-i • • - 


E'(-ir 


N\t^ 


711—712 ±7lm—l 

^m-1 ^771 


mj 


where the summation Yl' runs over N > rii > ■ ■ ■ > Um > 1 and It^ := 
On the other hand, by Lemma [2.151 flT^ . we have 


I E 

\N>7li>--->7lw^^ 


(1 - (l)”'.-”'!*- ... (1 - - („)"*» - 1} 


E 

^^7ll'>-”'>nyj^l'>l 


Tl\ * * * Tlyj 

(1 _ ...(!_ _ tmTirr,+. - 1 } 

‘ ‘ * ‘^w+1 


where h = fci, ^2 = + ^ 2 , • ■ ■, + ■ • • + km{= w). Thus, the equality (0]) in the 

theorem also holds for ki by the induction hypothesis. 

Next, we check the equality for the index k 2 . By Lemma [2.151 f[T^ . we have 




. E'(-ir 


]\t\ J.7l\—n2 ^7lm-l—7lm .Ur, 


ni 






,nm—nm + 1 ,nm + l 
Im ^m+1 


^m+1 
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where the summation runs over N > ni > ■ ■ ■ > Um+i > 1 and J*^ 
tm+i-R[ti tm-i]' other hand, by Lemma 1^.151 ([HD, we have 


J* 


\N>ni>--->nuj>l 


(1 - ... (1 - + ■{(! - - 1} 


E 

A/’>ni>-">nu;+i >1 


Tl\ * * * Tl^ 

(1 _ ■ ■ ■ (1 - - 1 } 

^1 * * * ^w-\-l 


Using the induction hypothesis, the assertion of the equality (jlD holds for the index k 2 . 
This completes the proof of Theorem 12.51 □ 


Proof of Theorem 12.101 We show this theorem by the induction on the weight w of the 
index. If tn = 1, the assertion of the theorem is nothing but Lemma [2.161 We show only 
the equality (CD because the proof of the equality (ED is completely the same. Now, we 
assume that the assertion holds for an index k = [ki,, km)- Then it is sufficient to show 
that the assertions also hold for the indices ki := (fci + l,..., km) and k 2 := (1, ki,. ■ ■, km)- 
First, we consider the case ki. By Lemma [2.151 f[TTl) . we have 


It, 






E'(-i) 


/ N \ 

\jtm j - - - rfr 


where the summation Y' ^^^ns over + 1 > ni > • • • > rim > 0 and It, := 
On the other hand, by Lemma [2.151 ([HD; we have 


H. S. of the equality (0) = 


m—1 


i=i 

E 


E 


^1 * * * 

(u/t2r---(u/u+ir^ 


n 


fci+i 


■ n. 


(1 - tm )^ h -^ h+t ... (1 - tj + 2)”*—^-1 1 - 1+1 {(1 _ _ 1 } 


.N>ni>--->ni ->1 




where /i = km, h = km + km-i, - - - ,lm = km + ■ ■ ■ + ki{= w). Thus, the equality ([7D in 
the theorem also holds for the index ki by the induction hypothesis. 

Next, we check the equality for the index k 2 . By Lemma [2.181 ([TTp . we have 


■Ri.to 




N \ (ti/t2y 




= E (-ir 


nonji • • • 
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where the summation runs over A^ + l>?T,o>ni>---> rim > 0 and 
. r,r.±i .ill- On the other hand, by Lemma 12.181 (fTSD . we have 

il4o;«[t2 vi*m I 


(—H. S. of the equality 0) = 


E 

N^ni >1 


(1 - ... (1 - + - to)^lm + l - 1 } 


N 


- E 


\no = l 
m —1 


no 


1=1 


E 

^ A^>ni >1 

E 


(1 - ■ (1 - ■”‘— 1+^(1 - h )”'™ - 1 } 


ni•• • 


(toAir---(L/L+i^' 


yW+l>no>r!,i>--->nj>0 UqUi^ ■ ■ ■ 


E 


(1 - -”U+1... (1 - - L+i)”'"*-' -1} 




ni • • 'Til, 


Using the induction hypothesis, the assertion of the equality ([7]) holds for the index k 2 . 
This completes the proof of Theorem 12.101 □ 


3. Functional equations of finite multiple polylogarithms 

3.1. The ring Kaneko and Zagier dehned hnite multiple zeta(-star) values as ele¬ 

ments of the Q-algebra A = (Hp^p) where p runs over the set of all rational primes. 
See [in] and their forthcoming paper [TT] . The ring A has been used in a different context 
by Kontsevich [151 2.2]. Now, we introduce more general rings of such a type for the 
dehnition of hnite multiple polylogarithms. 

Definition 3.1. Let i? be a commutative ring and S a family of ideals of R. Then we 
dehne the ring A^ pj for each positive integer n as follows: 

j ■ 

Since we use only the case S = {pR | p is a rational prime}, we omit the notation S in 
the rest of this paper. We denote An,!, = An and Ai^r = Ar. Then the ring Ai^z coincides 
with A. We will dehne the hnite multiple polylogarithms as elements of (that 

is not equal to the polynomial ring An\ti ,..., fm])- Note that An,R is a Q-algebra in some 
important case even if R is not a Q-algebra. 

Example 3.2. We often use 



in the next section. Here, the direct product and the direct sum run over the all rational 
primes and Ai\t] coincides with B dehned by Ono and Yamamoto in their paper [2T] . 

We denote each element of An,R as (ap)p where Op G R/p'^R, so (ap)p = (6p)p holds if 
and only if Op = bp for all but hnitely many rational primes p. We may use the notation 
(ap)p G An^R even if Op is not dehned for hnitely many rational primes p. See Example 
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13.31 (3). We define the element G An,R to be (p mod p"')p and we denote it by p when 
n is clear from the context. Note that An/'p'^An = Am for n > m. 


Example 3.3. We give some typical examples of elements of An,R- 

(1) fP := G An,lit]- 

(2) For any rational nnmber r, we define (resp. r) to be {A)p (resp. {r)p) in A. 
Then = r G .4, holds by Fermat’s little theorem. 

(3) Let A; be a positive integer greater than 2. We nse the notation Bp_k as 

Bp—k mod p ^p ^ Am 


where Bm is the m-th Bernonlli nnmber defined by 




e* — 1 


CXD 



n=0 


ml 


By the von Standt-Clansen theorem [29l Theorem 5.10], Bp^k is a p-adic integer 
for a rational prime greater than k. Therefore, the element Bp^k is well-dehned as 
an element of An and conjecturally, it is non-zero by the conjectnre that there are 
inhnitely many regnlar primes. For later use, we define Bm to be ^ for a positive 
integer m. For example, we use the notation i?p_fc as (-^f^ mod p^)p G An- 


The following lemma will be used for deducing the functional equations of the hnite 
multiple polylogarithms from the generalizations of Euler’s identity obtained in Section 

El 


Lemma 3.4. Let n be a positive integer. Then we have 

(20) =l-pHn mA^, 

where Hn = 'YTj=i j n-th harmonic number. 

Letp be an odd prime number greater than n. Then the following congruence is satisfied: 

(21) Hp_n-i = Hn (modp). 

Here, we define Hq to be 1. 

Proof. For each prime number p > n, we have the following congruence: 

(modp2). 

Therefore the first assertion holds. Let p > n -|- 1. By the substitution n i—)■ p — n, we 
have 

p-n-l p-1 p-1 

(22) Hp_n-i = ^ ^ ~ ~ ^ “(-^p-i ~ Hn) = Hn (mod p). 

k=l k=n-\-l k=n-\-l 

□ 
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3.2. Definitions and functional equations of finite multiple polylogarithms. 

First, we recall the definition of the finite multiple zeta(-star) values (FMZ(S)Vs). 

Definition 3.5. Let n be a positive integer and k = {ki,...,km) an index. Then we 
define the finite multiple zeta value (k) by 


CAn 


E 


... nnkr, 

Kp>ni>--->nm>0 1 ™ 


mod p"' e A„ 


and we define the finite multiple zeta-star value a(fe) by 

1 


a 


E 


Vp—l>ni>".>nm>l 


fcl 


mod p"^ 


G An- 


■ n; 


Remark 3.6. Several people use the notation instead of for • G {0 ,a}. 

Therefore we have to be careful when we read other papers. 


For later use, we summarize known results about FMZ(S)Vs. 

Proposition 3.7. Let m, k, ki, k 2 , k^ be positive integers, k = {ki ,..., km) an index and 
• G {0,a}. Then the following equalities hold: 


(23) 

(24) 


U({*;}”) = (-i)’”“'a({*;}”) = 

, , /(T)Sp-»-2P^ 


(-I)”-"*: 


Bp—mk—1 
mk + 1 


P, 


if k is odd, 


P ifk is even. 


(25) Ufik) 


k 3B2p—k—2 T 3Sp_fc_i^ p 


if k is odd, 
if is even, 


(26) 

(27) 
if w 

(28) 
if w 

(29) 

if w' 

(30) 


aft.fc2) = (-i) 


ki 


ki + k2\ B p-ki—k2 


U(*:ia'2) = § R-I)‘“*;i 

ki + k 2 is even, 

a(fc.*:2) = 5{(-l)'-vd 

ki + k 2 is even, 


ki J ki k2 


w + 1 

k2 


w + 1 

k2 


- i-l)’^^k2 


w + 1 
ki 

w + 1 
ki 


— w 


+ w 


Bp—uj—1 

w + 1 


-p 


Bp—w—i 

w + 1 


p 


Uki, k2, k,) = -Cfiikf, k2, k3) = ^{ (- 1 )'=^ 


- 1 ) 


fcl 


tC \ 1 Bp_,ni 


kij \ w' 


ki + k 2 + ks is odd. 


E OG(k)) = 0 . 

crGSm 
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where Sm denotes the m-th symmetric group and (T(lk) := (A:o-(i),..., ka{m)), 

(31) 0(k) = (-l)"‘"‘>a(k), 

(32) c;(k) = -CKk'), 

(33) o(ii.{i}*^-') = (-i)‘'a(ii.{i}*^-'). 


Proof. The equalities fl2^ . fl26|) . ([27]), (l28|) . and (l2^ are [HI Theorem 1.6], [SH Theorem 
3.1] (cf. [H Theorem 6.1]), [HI Theorem 3.2], [HI Theorem 3.2], and [HI Theorem 3.5] 
(cf. [H Theorem 6.2]), respectively. The equalities fl2T|) and fl25|) are [23l Theorem 5.1] and 
[231 Remark 5.1], respectively. The equalities fl30|) . flH]) . fl32|) . and fl33l) are [H Theorem 
4.4], [H Theorem 4.5], [HI Theorem 4.6], and [HI Theorem 5.1], respectively. □ 

Now, we dehne the hnite multiple polylogarithms which are main objects in this paper. 


Definition 3.8. Let n be a positive integer and k = {ki,...,km) an index. Then we 
dehne the various multi-variable hnite multiple polylogarithms as follows: 

The finite harmonic multiple polylogarithm (FHMP): 

modp’"j e 

/ p 

The finite harmonic star-multiple polylogarithm (FHSMP): 


■ ■ ■ 1 ^rn) ■ 


E 


mi 


77 . . . 77 ^T? 

\p>n\>--->nm>0 1 ^ 


• • • ) ^rn) — 


E 


j.ni 


, j-Ttm 


77 ... 77 

\p-l>ni>--->nm>l 1 ^ 


mod p” e A, 




The finite shuffle multiple polylogarithm (FSMP): 


£l,k(^u---,^m) := I 

>0 


j.ni—n2 j.TTm — l~Tlm j.nT^ 

^1 ’ ‘ ' ^m-1 


modp” e An,zitu...,U, 


The finite shuffle star-multiple polylogarithm (FSSMP): 


■ ■ ■ ! ^rn) — 


E 


M-n2 


j.^m —1 TLmj.nm 
^m-1 


\p—l>ni>--->nm^^ 




1 


mod p” G A 




We also dehne 1-variable hnite (star-)multiple polylogarithms (F(S)MP) as follows: 
£l,k(t) := £X,k(£{i}”^“') = £r,k({0”^) e A,z[t], 

£l,k(t) := £X.k({ir"\^) = £r,k({ir"\^) e 

where • G {0,*}. We call ^(f) = ^{t) the m-th finite polylogarithm. 

Remark 3.9. The original dehnition of the m-th hnite polylogarithm by Elbaz-Vincent 
and Gangl is the p-component of £^,m(t) in ¥p[t] (cf. [H Dehnition 5.1]). 

Remark 3.10. Let i? be a commutative ring. For any subset {R,..., ih\ of {1,..., m} and 
ri, ..., r/i G R, the substitution mapping 
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defined by 


ifpitl 


I ^m))p ’ ^ ‘ ‘ ‘ i^r 


hi, =r\,...,ti,=rh'P 


where {ji,..., j/j/} is the complement of {4,..., ih} with respect to m). 

example, we have 


£A,k(l) = £h,k(l) = Cl(k)e^. 


for • G {0 ,a}. Onr definition of FMPs is natnral in this sense. 


For 


The following proposition is a generalization of Proposition 13.71 fl3T|) (cf. [28l Lemma 
5.4]): 


Proposition 3.11 (Reversal formnlas). Let k = (/ci,..., km) he an index and • 
Then we have the following equality in : 


(34) 






T') + pE^*£X'.Eei-(^- 


In particular, we have 


(35) = (-1)'-W(«, ... 

(36) £X^(() = (-l)''‘«C>£lt(r'), = (-l)"<‘»(»£^5(r'). 


e {«,*}, 

.if'))- 


Proof. We show only the case • = 0 since the proof for the case • = a is similar. By nsing 
the snbstitntion trick n* i—)■ p — rij, we have 


E 

\p>p—ni>--->p—nm>0 

= (-ir(")(ti---up 


E 

■■>r 


.711 


, -f-Llm 


ki jc 

71 • . •71 

Kp>ni>--->nm>0 1 ”4 


. . . fP- 


mod p^ 


(p-ni)^i ■■■{p-nmY 


mod p^ 



(p +W 


(p + 


-n„ 

m 


n. 


2kri 


• n 


2ki 


^-ni 

—— mod p^ 


Since (p + • • • (P + ■ ■ - nY + p EXi ‘ ‘^ ■ - n^ (mod p^), we 

have the eqnality fIMl) . □ 


Onr main resnlts in this paper are Theorem 13.121 Corollary 13.131 and Theorem 13.151 
below: 


Theorem 3.12. Letk = (fci,..., km) he an index of weight w. Then we have the following 
functional equation in FSSMPs: 


^A2,lk(^l5 ■ • • ’ + (^£yt2,{l}Uk(^’ til ■ ■ ■ 1 tm) £^2,ei©lk(^l5 ' ' ' i P 


_ pin,* 

“ “^-42,{1}^^ 


1 - tl, {ir-\ 1 - t 2 , . . . , {l}"--\ 1 - tm) 




km .—7 1 


(37) 
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Proof. By Lemma 13.41 fl20|) , we have 


E (-1)’ 


p — i\'t 


ni 


ni —712 


^1 


• • • t, 


m—1 




mod 


Y, 

Vp—l>ni>-">nm>l 


^711—712 J.7ij^ 

* * * ^771-1 ^TTL 


h^ h 

K ■■■ 


mod 


~ ■ ■ ■ ’ ^rn) P ( 

Vp—l>ni>-">nm,^l 


‘ ‘ * 1 ^771 

k\ jc 

r^i * • -n^ 


mod 


By substitutions nt ^ p — rii and Lemma 13^ fl2T|) . we have 


TT fPL 
^711 


E 

Vp—l>ni>-">nm>l 


E 

Vp—l>p—ni>-">p—rim^l 


Til—712 , , , j7lm—l—7lmj.nr^ 
^771—1 


h^ h 


mod p 


TTp—m^i 


(p-rii)-(p-n2) ^ ^(p-nm-l)-(p-nm).^p- 


771—1 


-l-p-Tlr, 


_ ^_j^^wt(Ik:) 


E 

\p—l'>7lm^-"^7ll>l 


Vp—l>n7Ti>-">ni>no>l 

- E 

p—l>nm>-">ni>l 


{p - Ui)^l • ■ ■ (p - 

_ _2_\j^2~7ll ^ ^ j^m.—7lm — l^p—7ln 

V Til /^1 771 — 1 


mod p 


ifP- 


h k\ 

* * *'^1 


mod p 


.n2-ni 


■ ■ - t, 


7lm — 7lm — l±p — 7i 


■ ■ ■n'l^no 


^712—711 ^ ^ ^ ^7lm—7lm — l j.p—7lj^ 
* " * ^771—1 
Jc ki 1 

’^771 ’^1 


mod p 


_ ^_j^^wt(Ik;) 


E 


,(p-n 2 )-(p-ni) .{p-nm)-{p-nm-l).p-{p-nm) 

■ ■ ■ ^rn-1 


p—l'>p—nm'>-"^p—7ll'>p—7lQ'>l 

Ap-n 2 )-{p-ni) ,{j)-nm)-{j>-nm.-i) pp-{p-nm) 


E 

p—l>p —nm^-”>p — 


(p - UmY-- • • • (p - niY^ (p - no) 

mod p 


(p — UmY^ ■ ■ - {p — ni)^l+^ 


j. 711—712 ^ ^ ^ A.7lm — 1 -l-Tlm 

* * * ^771—1 


^771—1 


vp-i>no>^I^...>n^>i non\^---n^rP 


J.ni—n2 p^m—l—'t^mj.nrri 
''1 ■ ■ ■ ^m-1 ''m 


n 


fcl+1 


• • • n; 


_ pin ,★ 


E 

p—l>ni>-">nm>l 

(1, ti, . . . , + £_4^eiek(^l’ • ■ ■ ’ ^m)- 


mod p 


Therefore, we have the desired functional equation by Theorem 12.51 


□ 


When we substitute 1 for some of the variables ti,..., tm-i in (1^ . we have the following 
functional equation: 
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Corollary 3.13. Let k = (fci,..., km) be an index, S = {ii, ..., ih} a subset of {1,, m— 
1}, and {ji,... ,jh’} the complement of {ii,... ,ih} with respect to {1,... ,m — 1}. We 
define ks := (fci + • • • + fcji, fcii+i + • • • + ..., + • • • + km) and m' := dep(k 5 ). 

Then we have the following functional equation in .4.2 zf*. i for FSSMPs: 


£ 


A 2 


, tm) + ■ ■ ■ 5 tm) £yl2,eiek(^l! ' ' ' ! P 


—1 


1 - tj„ {!}'=, 1 - i*...., {ip', 1 - (j,,. {i}”'-"''-'. 1 - 1 „) 
- £:^;:kv({i}'‘. 1 -{l}^ 1 - 1 ,„,,,, {i}v, 1 -{ 1 }-'-".-). 


where h = ki - h kj^ - ji, h = kj^+i H- ^ kj^ - j 2 + ji, ■ ■ ■, h' = H-^ 

^ 3 h' ~ dh' + jh'-i, and Mh> = fci H-h kj^, - jf + h'. 


Proof. This is obtained by combining the proof of Theorem 13.121 and Corollary 12.61 . □ 


Remark 3.14. In particular, we have the following functional equation in 4.2,z[t] (cf. Corol¬ 
lary Q: 

(39) (^A2,{l}ulk(^) ~ ^A2,ei®k(^))p ~ £A2,k'/(^ ~ ^) ~ C^2 )' 

Therefore, we also have the functional equation ([1]) in Introduction. The case t = 1 gives 
the Hoffman duality fProposition 13.71 ([32])) and its generalization in 4.2 ( [311 Theorem 
2 . 11 ]): 

(40) a^(k) + (a({l} U k) - C^^(ei © k))p = -a(k^). 


Theorem 3.15. Let n be a positive integer and k = {ki, ..., km) an index. Then we have 
the following functional equation in 4„,z[ti,: 


m 


(41) 


y~~! ( . . . ,tj)£j^^ 




, tj+i) — 0. 


3=0 

Here, we consider ■■■ .ij) ''' ’^ 

j = 0 {resp. j = m). 


Proof. This is an immediate consequence of Theorem 12.111 


□ 


Corollary 3.16. Let n, k, and m be positive integers and k = {ki,...,km) an index. 
Then the following equalities hold: 

(42) £W({ir\t,{ir-*) + (-i)”^£Xw^({i}”^-\t,{ir^) = o. 

(43) 

m—1 

(-i)"‘“‘£.4„,k(«) = Wdo + 

,kj)it)CAn^^^^ • • • ! ^i+l); 

(44) 

m—1 

(-l)’"-‘£.,.*(() = £:,„t(i) + E(-1)'C.4 .(£i.. 

j=^ 


(45) 

m 

5^(-l)^CA.(fcl,---4i)CX(^rn,...4i+l) = 0, 

3=0 



Here, we consider CX(®) ^ ^ {04}- 











ON FUNCTIONAL EQUATIONS OF FINITE MULTIPLE POLYLOGARITHMS 


21 


Proof. We obtain the equality fH2|) by the substitution p = ■ ■ ■ = ti_i = tj+i = ■ ■ • = 
tm = = t and Lemma 1X71 fl25D . The equalities (jS]), and fHSD are clear. □ 


Remark 3.17. The equality has been proved by Tauraso and J. Zhao ([28l Lemma 
5.9]). By considering the case k= n = 1 in the equality (H5|) . we have 

a(*:i. {l}‘»-‘) + (-l)‘Xl({l}'‘"-‘Ti) = 0 

since C.a({ 1}^) = 0 every positive integer k. Therefore, the equality fHSjl is a general¬ 
ization of Proposition 13.71 fl33|l since 

by Proposition 13.71 (l3TD . The equality (IT5|) and its analogue for the usual multiple zeta 
values (the equality ([9])) are consequences of the explicit formula of the antipode of the 
harmonic algebra or the Hopf algebra of quasi-symmetric functions ([71 Theorem 3.2] or 
P Theorem 3.1]). See also [331 Theorem3], [HI Proposition 6], [131 Proposition 7,1], and 
[3U1 Proposition 3.7]. 


As an application of Remark l3.141 fl30|) and Corollary 13.161 fl35l) . we give another proof of 
the following theorem which is a part of recent deep works by Kh. Hessami Pilehrood, T. 
Hessami Pilehrood, and Tauraso. The original proof is based on the identity [201 Theorem 
2.2] which is different from our identities in Subsection 12.21 


Theorem 3.18 ([331 Theorem 4.3]). Let ki and ^2 be positive integers satisfying the 
condition that ki -|- ^2 is even. Then we have 


(46) 


a({lf^-\2,{lf-^) 


1 

2 


- 1 ) 


k2 


/fcl -|- ^2 + 

V h + i ) 


fci—A;2 —1 

T ^2 T 1 


(47) 






1 

2 


- 1 ) 


k2 


fki -\- k2 -\- 1 \ 
\ ^2 + 1 / 


-^p—fci—A;2 —1 
+ ^2 + 1 


Remark 3.19. They also calculated C^({2}^b 3, {2}^^) and C^({ 2 }^L 1 , { 2 }^^^ where ki 
and /c 2 are positive integers and • G {0,*} ([331 Theorem 4.1 and Theorem 4.2]). 

Proof of Theorem 13.181 Let ki and k 2 be positive integers such that ki -|- /c 2 is even. Let 
w := ki + k 2 + 1. First, we show the star case. By Remark 13.141 fITOl) . Proposition 13.71 
(l26|l . (j2^ . and fl29|l . we have 

cx({If 2,{1}'=^-') =-a(hi,fc2) - (a(1,fci,fc2) - a(fci+1,h2))p 




- (-1)"W2 


+ w 


Bp—w 

w 


tc -L 1 

Bp — w 

’ ] 

w 

J 

q)^i+l 

/ w 

\hi + 1 


Bp—w 

w 


p 


Bp—w 
——] 

w 


Let k = ({l}^i-i,2,{l}^=-i) =: {h,... ,lw- 2 )- By Corollary 13161 flTHD . we have 


w—3 


a(k) = cy (k) + (l.,. .... hw- 


(48) 
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We see that one of the following cases is satished for j = 1,..., ta — 3: 

(i) At least one of Ca 2 (^ 1 ) ■ ■ ■ ih) Ij+i) is zero, 

(ii) Both of (A 2 ih, ■ ■ ■, Ij) and • • • > ^i+i) belong to p^ 2 - 

Therefore, the summation in the equality fHHj) vanishes and we have 

CA2(fc) = 

This completes the proof. □ 

3.3. Functional equations for the index {I}’". In this subsection, we argue about 
functional equations of FMPs of the index {I}'". 

Lemma 3.20. Let m be a positive integer. Then 

(49) £\^,^m{t) = £A,m{^-t), 

(50) £A,{lMt) = {-ir-^£A,m{^-t). 


Proof. By Proposition 13.71 fl23l) . the cases k = {1}™ in theorem [L3] ([T]) and ([2]) give the 
equalities flT9]l and fl5(l . respectively. □ 


By Lemma 13.201 and Proposition 13.111 fl36p . we can express every FMP of the index 
{1}"^ by a FP. Therefore, we can obtain functional equations of FMPs of the index {1}™ 
from functional equations of FPs. For example, we get distribution properties for FMPs 
of the index {1}"* by the following result by Elbaz-Vincent and Gangl: 


Proposition 3.21 (Elbaz-Vincent and Gangl [H Proposition 5.7 (2)]). Let n be a non¬ 
zero integer and m a positive integer. Let (n be a primitive \n\-th root of unity. Then we 
have the following eguality in '■ 


(61) 


SiA.ra{n = n" 


i-f“» 

h ' - 




Theorem 3.22 (Distribution properties for FMPs of the index {1}™'). Let n be an non¬ 
zero integer and m a positive integer. Let (n o primitive \n\-th root of unity. Then the 
following egualities hold in : 


(52) 

(53) 

(54) 

(55) 


£_4qi}m(l — t^^ = n^‘ 


£ 


A{i}” 


£* 


1 - 
1 

1 - t" 


= n 


l"|-l 1 _ Anp 

1 _ - Cnt), 

k=o t 

|n|-l ^ 

k=0 
\n\-l 




{ip 


fc =0 
|n|-l 


i-Gv ’ 
1 


-r) = - Ct)- 


k=0 


i-Gv ’ 
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Proof. These are obtained by Proposition 13.211 Note that (1 — = 1 — and (1 — 

= 1 - &Y in A[c„,4]- □ 

Corollary 3.23. Let m be a positive integer. Then the following egualities hold in Az[t\ '■ 

(56) = ( —I)*” ^£_4_{l}m(l — t), 

(57) £X{i}^(t) = (-1)”^-'£^,|1|™(1 -t). 


Proof. Let n = — 1 in Theorem I3.22[ Then we have the desired formulas by replacing 
1/(1 — t) with t. □ 

Remark 3.24. Lemma [3.201 fl5U]) has been proved by Mattarei and Tauraso ( [271 The proof 
of Theorem 2.3], [TSl Lemma 3.2]) and Lemma [3.231 fl56]) has been proved by L. L. Zhao 
and Z. W. Sun ([521 Theorem 1.2]). 


4. Special values of finite multiple polylogarithms 


4.1. Special values of F(S)MPs. We calculate some special values of F(S)MPs in A 
and A 2 by applying our main results. 


Lemma 4.1 (Tauraso and J. Zhao [28]). Let m he an integer greater than 1. Let ki and 
k 2 he positive integers such that w := k\ + k 2 is odd. Then we have the following egualities: 


( 68 ) 

(59) 

(60) 


£.4,m(-l) 


1 om—1 D 

1 z, JDp—Yn 

2m-2 


£'A,(ki,k2)i 1 ) £'A,(ki,k2){ 1 ) 


£ 


★ 

A,{ki,k2) 


(- 1 ) 


£ 


A,{ki,k2)' 


■1) 


r%w — l -I JD 

Z i IDp_^ 

2 “'-^ w 


1 O'^^—1 D 

1 Z JDp_^ 

2 “'-^ w 


Proof The equalities fl58|) . fl59|) . and (l60|) are [281 Corollary 2.3], [281 Theorem 3.1 (17)], 
and [281 Theorem 3.1 (18)], respectively. □ 


Proposition 4.2. Let m he an integer greater than 1. Let ki and k 2 be positive integers 
such that w := ki + k 2 is odd. Then we have the following egualities: 


(61) £^„„^(-l) = 


^p—m—lP 


if m is even, 


2"* ^ ^ 

9771-2 7 ? 2 p—m— 1 ) if nr is odd, 


2771-2 v“-^p- 

(62) £'A2,(kuk2)i~^) = r^w-l - (2-Bp-t« - i?2p-U7-l) + - ^5p-fci-Bp-fc2-lP) 


2W-1 _ 


(63) £'*A 2 ,(kuk 2 )(~^') ~ nw-l —(^-Sp-"' “ B 2 P-W- 1 ) + 


2" 

1 - 2^-^ 
2W-1 _ I 

Y 


(64) £A 2 ,(fcl,A: 2 ) ( 7) ~ nw-1 7?2p-iu-l) + 


(65) £A 2 ,(fci,A: 2 )( 7) — r,u,_i (2i?p-70 B 2 P-W- 1 ) + 


2ki-l 

k2{l-2^^Y 

2ki-l 

fcl(l -2^2-1) 
2^2-1 

ki{l-2^^Y 

2 ^ 2-1 


T^p—A:i7?p—fc2 —iP) 
7?p—fci—i7?p—fc2P) 


7?p—fci—i7?p—fc2P) 


where we assume that ki {resp. /C 2 ) is greater than 1 in the egualities (16^ and fl63|) {resp. 
fl6T|) and (165|)L 
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Proof. The equality fl^ is obtained by Z. H. Sun’s results ([23l Theorem 5.2 (b), Corollary 
5.2 (a)]) and the relation 


( 66 ) 


£An,m(-l) 


-CaJH + 


1 

2m-l 



where n is any positive integer. Tauraso and J. Zhao also proved the even case of the 
equality (ET]) f [2Hl Corollary 2.3]). Now, we consider the following relation: 


£a2Ai(“1)Ca2(^2) 


£A2,(fcl,fc2)( T ^A2,ik2,kl){ 1) T £A2,fcl+fe( 


Since ki + k 2 is odd, we have £^ 2 ,(fci,A: 2 )(“l) = £A 2 ,(fc 2 ,A:i)(“l) by Proposition 13.111 fl36D . 
Therefore, we obtain the equalities (16^ and fl6T|) by Proposition 13 . 71 (l23|) . Lemma ITT] flSHD . 
and the equality (1^ . The proof of the equalities fl6^ and fl65D is similar. □ 


Proposition 4.3. Let m he an integer greater than 1. Let ki and k 2 be integers such that 
w := ki + k 2 is odd. Then we have the following egualities: 


(67) 

( 68 ) 

(69) 

(70) 

(71) 

(72) 


■'p—m 


2"‘-^ m 

^ 2^m—l _ X 5 

£a,{i}™'( 1/2) = £^^{i}m(l/2) = 


p—m 


m 


£ 


A,({l}'=l-h2,{l}'=2-l) 




1 


w 


£ 


A,({lpl-h2,{l}'=2-l) 


,( 2 ) = 


1-2 


w—l 


lw—1 


- 1 ) 


fcl 


W\^ Br,- 


ki 


p—w 


£A,({i}''i"h2,{i}''2-i)(l/2) — 


1 r 1 - 2 


w—l 


Iw—l 


-(- 1 ) 


fcl 


w 

w\) Bn- 


1 ( 2'^-^ - 1 


£A,({l}'=l-h 2 ,{l}'= 2 -l)(l/ 2 ) — r, 4 ( 1) 


\ki 


p—w 


W 


Uj\ Bp — yj 


w 


Proof. First, we prove the star cases. We use the functional equation ([T]) for an index k^: 
(”^3) £>l,kv(^) = £.4,k(l “ “ 0(11^)• 

Consider the case t = 2 and k = m of the equality fl73l) (or the equality (09])). Then 
we obtain the star case of the equality by Lemma 00] (1551) . Considering the case 
k = (^ 1 ,^ 2 ) of the equality fl73|) . we obtain the equality flTOl) by Lemma ITT] fl59|) and 
Proposition 13.71 fl26l) . The star case of the equality fl68|) and the equality fl72l) are obtained 
by Proposition 13.111 

Next, we prove the non-star cases by Corollary 13. 161 (031) for A. By considering the case 
t = 2 and k = {1}"* (i.e. the case t = 2 of the equality (15(111 ). we have the non-star case of 
the equality fl57|) . We consider the case k = ({l}^i“^, 2 , satisfying the condition 

that ki -|- k 2 is odd. The summation for j = /ci,..., ta — 2 of the right hand side of (051) 
vanishes since Ci({l}’^~^~'^) = 0. We suppose that j is an element of {0,..., fci — 1}. If 
j is odd, we have (C^({ 1}^2 i^2,{l}^i ^ M = 0 bv Theorem 13.181 and if j is even, we have 
£a,{ip(2) = 0 by the equality (l67|) . Hence, we see that the summation in the right hand 
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side of vanishes and we have the eqnality fl6^ . The non-star case of the eqnality fl68l) 
and the eqnality flTB are obtained by Proposition 13.111 □ 

Remark 4.4. Z. W. Snn proved that |;^}. 2 (1/2) = 0 (see [25l Theorem 1.1]). The proof 
is based on some technical calculations. The case (^ 1 ,^ 2 ) = (l!2) or (^ 1 ,^ 2 ) = (2,1) of 
Proposition 14.31 flTOjl and fl6^ have already been obtained by Mestrovic [161 Theorem 1.1, 
Corollary 1.2] and by Tauraso and J. Zhao [281 Proposition 7.1]. 

Definition 4.5. Let n be a positive integer and a a non-zero rational number. We define 
the element gp(a) of An to be (gp(a) modp")p where qp{a) is the Fermat quotient, that 
is, 

aP-^ - 1 


for a prime number p. 

By Fermat’s little theorem, qp{a) is well-dehned as an element of An- Under the 
hypothesis that a6c-conjecture is true, we see that qp{a) is non-zero. See [22] . 

Theorem 4.6. Let m be a positive even number. Then we have the following equalities 
in A 2 : 

(74) £a,(,>».(2) = -ILmM) = - m - 2]) 

(75) 2*,(„A1/2) = -£i.,n,41/2) = ^ ifT /r/f P’ 



Proof. First, we prove the star cases. By the functional equation Remark 13.141 ([39]), we 
have 

'^A2,{1}”*(2) “Ca 2({1}™) = £A2,m(-l) + (£M2.(l,m)(“l) “ £M2,m+l(-l))P- 

Therefore, by combining Proposition 13.71 (1231) . Lemma [4. II fl58D . (I5^ and Proposition 14.21 
(EH), we have 


p* m(2-- 1) Rp_™_i , fl-2^Bp.m-i l-2™Rp_^_i 


m + 1 
or 

(76) 

By the equality fIMl) . we have 


2™ m + 1 


m -h 1 2 ™-“^ m -|- 1 


p" /r)\ _ I I rt m -|- 1\ Bp—ni—l 

£a 2 ,{i}-( 2 ) - ( + 2 J m + 1 


'^A2,{1}”*(^/^) ~ 2P ( P y~] 




b(2) • 


i=l 


Hence, by combining the equality d76|) and Proposition 14.31 d70|) . we have 


p* 7i /o^ ^ J f I o m -|- 1 \ Rp-m-i f ^ ~ 2™ / 1 41 + 1 


2 1V 2" 

2777+1 _ 1 Bp_m_l 
2771+1 rn + 1 


P, 




p—m—1 

. 1 1 

m -|- 1 
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since m is even and = 0. Note that the equality 2^ = 2(l + qp(2)p) holds 

in A 2 and £a{i)™(1/2)=0. 

Next, we prove the non-star cases. By Corollary 13.161 fH5]) for A 2 , we have 


m—1 

(77) £^,,(1)...(2) = -£l,n,„(2) + 5;(-l)7-‘£A,(ip(2)a({l}’”-7). 

i=i 

Since a ({l}m jg contained in pA 2 , we have 


£^ 2 ,{ip'( 2 )C. 42 ({^}™ ~ certain rational number) x Bp_rn+j-iBp-jp 

for any j = 1,..., m — 1 by Proposition 13.71 fl23D and Proposition 14.31 fl67|) . If j is odd, we 
have Bp_m+j-i = 0 and if j is even, we have Bp_j = 0 because S 2 n+i = 0 for any positive 
integer n. Therefore, the summation in the right hand side of (1771) vanishes and we have 

(78) £.4,,(i>"( 2) = -£7,(,)»(2) = - m - 2^ 

by Proposition 14.31 (1^ and (l69|) , Proposition 13.71 fl2^ , and Proposition 14.21 (1^ . By the 
equality fl34l) . the equality (TfSl) . and Proposition 14.31 fl6^ . we also have 


^ ra 

■£^241}"*(1/2) = ■^(£yl2,{i}”*(2) + £A2,({i}*-h2,{i}™-q(2)) 


2P 

1 

2 


Z=1 

m + 1 ^ Bp-ra-i [ 2™ — 1 ■ /m -|- 1 

-m-2\ -_p + ^|___(_i) 


2™ 

1 - 2"^+! 

2 m+i m+l 


m -|- 


Bp—m—l 

. 1 1 

m -|- 1 


□ 

Remark 4.7. The cases m = 2 of Theorem 14.61 have already been given by Z. W. Sun and 
L. L. Zhao [26j, Mestrovic |T6], and Tauraso and J. Zhao |28]. Indeed, the non-star case of 
the equality (174)) is [28l Proposition 7.1 (78)] and the star case of the equality (1741) which 
is equivalent to Proposition 14.91 (IHHl) below is [T6l Theorem 1.1 (1)] or [281 Proposition 
7.1(77)]. The star case of Theorem 14.61 (17^ was conjectured by Z. W. Sun [311 Conjecture 
1.1] and proved by Z. W. Sun and L. L. Zhao [26]. Mestrovic gave another proof of Sun’s 
conjecture in [TB] and our proof of the equality (ITBD is similar to his proof. 

Now, we recall the following results for the hnite polylogarithms obtained by Z. H. Sun 
[241 [24] , Dilcher and Skula [4] , and Mestrovic HZI: 
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Lemma 4.8. The following equalities hold: 

(79) £a3,i(- 1) = -2gp(2) + gp(2)2p - 0gp(2)' + ^^p-s) P^ 

(80) £^3 ,i( 2) = -2gp(2 ) - ^^p-sp', 

( 81 ) £^ 2 , 2 ( 2 ) = —gp( 2 )^ + ^-gp( 2 )^ + -i?p_ 3 ^ p, 

(82) £^,3(2) = -^gp(2)^ - ^Sp_3, 

(83) £^3,1(1/2) = gp(2) - ^qp{2fp + Q?p(2)^ - P^ 

(84) £^2,2(1/2) = --gp(2)^ + ^-gp(2)^ + ^-^p-3^ P; 

(85) £a. 3(1/2) = ^gp(2)3 + 


Proof. The equality fl79|) is obtained by [23l Theorem 5.2 (c)] and the equality fl66|l . The 
equalities flHOj) and flHTj) are [211 Theorem 4.1 (i)] and [211 Theorem 4.1 (ii)], respectively. 
The equalities flS^ . fl55]l . and fl5T|) are essentially due to Dilcher and Skula [3] (see [241 
Remark 4.1]). The equality fl53]l is also shown by Mestrovic [I?]. The equality fl54]l is 
obtained by the equality (jSTjl and Proposition 13.111 □ 

We obtain the following special values for F(S)MP by the above lemma: 

Proposition 4.9. Let • G {0,*}. Then the following equalities hold'. 

(86) £^2qi}2(-l) = -£^2 ,{i} 2(“1) = gp(2)^ - ^gp(2)^ + ^-^p-3^ P) 

(87) JEy,(i)>(-l) = -£^.,{1)>(-1) = VpCi? - {vpCi? + P. 

(88) £y,{i}2(2) — —£32 ,{i}^( 2) - -?p(2)^ + f 35 p(2)^ + P’ 

(89) £j..iip(l/2) = -£y,,i|.(l/2) = igp(2)" - i<,p(2)Y. 

~ 1 25 

(90) £a(i,2)(2) = -£a(2,i)(2) = -59p( 2)’ “ ^Bp-3. 

1 25 

(91) £a(i, 2)(1/2) = -£3,,2,„(1/2) = -g9p(2)’ - ^Bp-3. 

~ 1 23 

(92) £ m ,( 2 , i )( 2 ) = -£.4,(1,2) (2) = --gp(2)^ + — Rp_3, 
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(93) £^^(2,i)( 1/2) - -£_4_(^2)(1/2) - -g?p(2)^ + —-Bp_3, 

(94) £^,{i}3(-1) = £^,{i}3(-1) = £)a,{i}3(2) = £^_{i} 3(2) = --gp(2)^ - -^-Bp-s, 

(95) £a{i} 3(1/2) = £l,{i}3(l/2) = igp(2)3 + ^5p_3. 

Proof. We can calculate £X.{i}2(-l)> £^,(i,2)(2), £^,(2,i)(2), £l,{i}3(-l), and 

£(4 ,{i }3 (2) by the equalities 

£a2,{ip(“1) = G2({1}^) + £^2,2(2) + (£^2,(i,2)(2) - £a2,3(2))p, 

'h%,{i}2(2 ) = £a 2 ,{i} 2(2) + £^2,2(2 ), £(4,(i,2)(2) = £a,(i, 2)(2) + £^,3(2), 

£a,(2,i)(2) = £a,(2,i)(2) + £^, 3 ( 2 ), £lqip(-l) = £^3(2), £:k,{i}3(2) = £X^,}s{-l), 

respectively. Here, we have used Remark [3.141 (15^ . Lemma I3.2UI fl49]) . and Corollary 13.231 
fl57)l . All other values obtained by Proposition 13.Ill and Corollary 13.161 fl43|) and fl44)l . □ 

Remark 4.10. Note that all of the values that appear in the above proposition essentially 
have been given by Mestrovic [T6l Theorem 1.1] and Tauraso and J. Zhao [28l Proposition 
7.1]. We have determined all values of the form £^^^fc(?") for — G {0, ~}, • G {0,*}, and 
r G { — 1,2^^} when n + wt(lk:) < 4 by Lemma 14.11 Proposition 14.21 Proposition 14.31 
Theorem 14.61 Lemma 14.81 and Proposition 14.91 

Furthermore, we have the following some special values of FMPs of weight 4. 

Proposition 4.11. Let • G {0,*}- Then the following equalities hold. 

(96) -EAd-s)!-!) = -£,(3 ,i)(- 1) = 59p(2)Bp-3, 

(97) G,(2,i,i)(2) = £7(i,,. 2)(2) = -t?p(2)Bp-3, 

(98) £a(2.i,i)(1/2) = Za(i,i, 2)(1/2) = -l<(p(2)Bp_s. 


Proof. By [2H1 Proposition 6.1 (55)], we have £^,( 3 , 1 )(—1) = —^q'p( 2 )Rp_ 3 . All of the 
other values are obtained by the functional equations and Proposition 13.111 □ 


Next, we calculate some special values of FH(S)MPs. The following two lemmas are due 
to Chamberland and Dilcher [1], Tauraso and J. Zhao [28], and Kh. Hessami Pilehrood, 
T. Hessami Pilehrood, and Tauraso [20] : 


Lemma 4.12. Letm, ki, k 2 , and ks be positive integers, w = ki + k 2 + k 3 , and • G {0,a}. 
Then the following equalities hold: 


if k\ + k 2 is odd, 

(100) 11SL*)(-1.-1) 


(-i)fe 


_ 2^1+^2 —1 

2ki+k2-l 


fki + k2\ 

V h J 


Bp—ki—k2 
ki + k2 


(2^1-1 _ i)(2fc2-i _ 1) 

2fci+fc2-3^^^2 


Bp—ki Bp—k2 
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if ki + k2 is even and ki, k2 > 2 , 

(101) £Xki)(-1’-1) = £X(i...)(-1’-1) = 


2^-1 _ 


')m—2 


m 


gp(2)5p_. 




l-2'‘ 


if m is odd and m>3, 

(102) £-A,{ki,k2,k3)^~^' “ “'^^,(fci,fc2,fe3)(~l’ ~1’ 1) ~ 2 |(~^) 

if ki is even and ^2 + ^3 odd, 

(103) - -1, -1) = -!• -1) = 5 (l() 

if ki + k 2 is odd and k^ even, 

(104) £X(fc,.fc,.,3)(-i,£-1) = -£X(fc3A.A3)(-ii 1’-1) = ^ 
if ki is even, k 2 odd, and k^ even, 

(105) £X{ip(l, -1, -1) = -£::i,pp(-l, -1,1) = gp(2)3 + Ii?p_3, 

(106) £^ |j^j3(l, —1, —1) = —£_^l^p(—1, —1,1) = gp(2) —-i?p_3, 

(107) £Xpp(-l,l,-l) = 0, 

(108) 


l-2"-i (w\ \ 

Ow — 1 


'U? \ 'l Bp — yj 


^ Bip—w 
ki 


£X„p(-l. -1. -1) = -2£X(i)»(l. -1.1) = -ppp)’ - 


Proof. The non-star case of the eqnality is [2HI Theorem 3.1 (15)]. The eqnality (llOOh 
and fllOip are [2Sl Theorem 3.1 (20)]. Now, snppose that w is odd. I3y [2S1 Theorem 4.1], 
we have 

(109) 2£])^ 1, —1,1) = (Aiks, ki + ^ 2 ) + £]A,(fc2+fe3,fci)(“l) “1) “ £.a,/ci(— l)£.A.(fc3.fc2)(“l)) 

/.|.|Q\ 2£^,(^l:^2,fc3) (~1’ 1’ ~1) ~ ~£.A,fcl(~l)£A,(A:3,A:2)(~l) ~ £^,(^ 2 ,^ 1 ) (~1) £a,A:3 (~1) 

+ £i4,(fc3,fci+fc2)(“l’ “1) + “0A,(fc2+fc3,fci)(“li “!)• 

If ki is even, then we have £^,fcj(—1) = 0 by Lemma ITT] fl58|) . Therefore, by the eqnality 
fllOOp . we can calcnlate £i 4 ,(fci,fc 2 ,A: 3 )(“l’ ~1’ 1)’ Proposition 13 . 71 (126P . and the eqnality flOOp . 
If ki and k^ are even, then we have £yt,A:i(—1) = £a,A: 3 (—1) = 0 by Lemma ITT] (1551) . 
Therefore, we can calcnlate £])^ ;.g)(—1,1, —1) by the eqnalities flllOp and fl55p . The 

non-star case of the eqnality 01031) is obtained by Proposition 13.111 and the eqnality 01021) 
and the non-star cases of the equalities O105|) . O107p . and OlOSp are obtained by [281 
Proposition 7.6]. All star cases are obtained by Theorem 13.151 flTip . Note that [28l 
Theorem 3.1 (16)] which is the corresponding formula to the star case of the equality flOOP 
is incorrect. □ 

Lemma 4.13. Let ki and ^2 be positive even integers. Then we have 

, . p* ^ 1 _ f (fc2-fci)(2^i+^2 - 1) /fci-LA:2 + 2^ fci-Ffc2 l -gp-fci-fc2-i „ 

1 ) A2,(ki,k2p > ) \2ki+k2+i(^ki + k2 + 2)\ ki + l ) 2 J A:i + A:2 + i1^’ 

ni9l P*’* £ 1 \ {k2-ki){2^^+^^-1) {ki + k2 + 2\ ^ fci-F ^2 ) -Bp-fci-fca-i 

V > ^A2,(kiMP ’ > \2^i+^2+i(fei + yt2 + 2) V A:i + 1 / 2 / fci + A:2 + 1 
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(113) £*4ip(-l. -1) = 2?p(2)" - (2<(p(2)i + iflp-s) P. 

(Ill) GI(ip(-l. -1) = 2 ,p( 2)" - (2,p(2)i - iBp_3j p, 

(115) i,,(-l, -1, -1) = -59 p( 2)1 ^ 2 («p(2)-‘ - «p(2)Bp_3) p, 

(116) £( 4 * (ip)— 1 ) — 1 ) — 1 ) — —g9p(2)i + £lp-3 — 2£l2p-4 + 2 ^(lp( 2 )'* + ?p(2)£lp_3^ p. 


Proof. The equalities fillip . flllSp . and flllSp are [20l Lemma 3.1], [28l Proposition 7.3 
(100)], and [2H1 Proposition 7.6 (117)], respectively. The equalities flll2p . flll4p . and flll 6 p 
are obtained by the relations 

^X,ikuk2)^~^^ “ 1 ) + Ca 2(^1 + ^ 2 ), 

^ “ 1 ) + 02 ( 2 ), 

and 

'^A2,{1}3(“1’ “1’ “1) = £i42,{l}3(“ll “1’ “1) + £a2,(2,1)(-1) + £a2,(1,2)(-1) + £a2,3(-1), 
respectively. Here, note that 


□ 


£a 2 ,( 2 ,i)(- 1 ) + £a 2 ,(i, 2 )(- 1 ) = “2 (^2Hp_3 - B 2 P- 4 ) - -gp(2)i?p_3p 

holds by [281 Proposition 7.3 (105) and (106)]. 

Theorem 4.14. Let m, ki,k 2 , and k^, he positive integers and • G {0, *}. Let w = ki + k 2 
and w' = ki + k 2 + ks- Then we have the following egualities: 

1 011 ; —1 /nn\ 'D 

iA(i)"({l}‘‘“‘.l/2,2,{l}*>-‘) = (-l)‘‘- ' ' 


2'^~^ \kij w 


(117) 

if w is odd, 

(118) £y,,,4{iy.-^2.i/2,{i}‘>-‘) = (-i)‘‘llTfl(“j^ 

if w is odd, 

(119) 

if w is even. 


JEAm-({i}‘‘-M/ 2 , 2 ,{ir-') = o 


fc 2 -l^ _ 


( 120 ) £X|,}.({ir-\ 2 ,l/ 2 ,{lf-i) = 

if w is even and ki, k 2 > 2, 


^ 1-1 o 1/0 ( 2 ^^-^-l)( 2 ^--^-l) 


2^-^kik2 


Bp—ki Bp_f^2 


( 121 ) £X{,j..i({ir-\ 2 ,l/ 2 ) = £X„™.i( 2 ,l/ 2 ,{ir-^) = 


1-2 


m—1 


-gp( 2 )Hp_, 


if m is odd and m > 3, 


( 122 ) £:,,,i,„( 2 ,{ 1 }‘'A 1 / 2 , 2 ,{!}“■-') = 


I Ai2 — 


')W — 1 


yw—l 


Bp—w 

w 
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if ki> 3 is odd and k 2 is even, 

(123) 

ifm>3 is odd, 

(124) £Xi 


p* 1 /O O riim-3x _ (1-2”^ ^){m^ - m + 2) 



w 

ki, 


2, l/2,{l}‘■-^2) = |l + (-!)'=■-'(”) } 

if w > 3 is odd and k 2 > 2, 

1 _ OIL! —1 

(125) 1/2,2, {l}‘«-^ 1/2) = 

if ki is even and k 2 > 3 is odd, 

(126) £Yi)"({l}”'^ 1/2.2.1/2) = 

if m is odd and m>3, 

c\W — l _ 1 

(127) i;r„j.(l/2, {1}‘'-12,1/2, {1}‘-) = 

if w > 3 is odd and ki > 2, 

(128) £/,,,i,„(l,2,{l}"-2) = -2£/,,,i,„({l}”-l 1/2,1) = ‘ ~~ 

^ f I i 

if m > 3 is odd. 


^ 1 Bp-w 

I w 


'p—m 

m 




\—m 

m 




kij \ w' 



(w'\ 1 B, 


'p — w' 


ifm >3 is odd, 

(129) £X,l|,»({l}”-^2,l) = -2£/;*i,™(l,l/2,{ir-2) = 

ifm >3 is odd, 

(130) 1/2, 2, {l}''2+'=a-2) = 1 
if ki is even and k2 + k^ odd, 

(131) ({1}'=i-\2,1/2,{1}"2+''3-2) ^ 1 |(_i)1=3 
if ki is even and k2 + k^ odd, 

(132) 1/2,2, {!>»•-■) = -i |(-1)‘. (”') - j I ^ 

if ki + k2 odd and k^ even, 

(133) £ 

k2 odd and even, 

(134) ({l}"i-\ 1/2,2, 1/2, 2, {1} 

if ki is even, k2 odd, k^ even, and k2 > I 


I ^1 / j w' 


ti? \ 1 ^p — 


(“) u:<,((‘)“"‘-i2.i/2.{i)‘'-)-4{(-i)‘- (/) - 4//4(/)} %•' 

if ki + k 2 odd and k^ even. 


<133) £X,i,w. ({1}*‘“‘. 2.1/2, 2,1/2, {1} 



) - w, 


tt/ ^ ^ Bp_^f 


w' 


\ ^ Bp—w' 

ksj \kij 


w' 
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if ki is even, k 2 odd, k^ even, and k 2 > 1, 


(136) 1/2,1,2, {I}*"-') 

if ki and k 2 are even, 

(137) £X,„.„({1}'“-‘.2. 1.1/2. {I}""-') 


1 - 2 ’" 


1 - 2 ^ 


fw + l\ 

V h ) 
1^2^ 


fw + l\ 

V h J 

r;‘) 


if ki and k 2 are even, 

(138) £r(i,2)(2.1/2) = -£X(2 ,ii(2. 1/2) = <(p( 2)“ - gBp-s, 

(139) £X,i,2)(1/2,2) = -£X2,i,( 1/2,2) = - jBp-s, 

(140) £X,i,3(2,1,1/2) = 0. 


Bp—w—i 

w + 1 


Bp—w—i 

w + 1 


Proof. First, we prove the star-cases. By Theorem 13.121 we have 

( 141 ) t) = 1 - 1 - 1 ) - £ 1 { 1 }^ 1+^2 { 1 }'=^), 


where s and t are indeterminates. If we substitute —1 (resp. 1) for s (resp. t) in the 
equality fll4ip . then we see that 


and 


(L. H. S. of ([HI])) = £ 


in,-A- 




-1,1) = £*’* 


A,(ki,k2) 


(- 1 .- 1 ) 


(R. H. S. of (HU) = -£Xi)*.+*2((1}‘‘“‘.2, {!)'■=) = -£X,„..+.2({1}‘‘"‘,2,1/2,{1}‘»-1). 

Therefore, we obtain the equality (IllSh . (I120p . and (I12ip by Lemma 14.121 fl^ . (llOOl) . and 
(IIOII) . respectively. Next, if we substitute —1 for s and t in the equality (I14ip . then we 
see that 

(L. H. S, ot dHU) = £XX_,_,(-1.-1) = £:,,,*.,*,,(-l) 

and 


(R. H. S. of (El])) = £ 


ni,-*- 

'AS-[\ki+k2 


({l}fci-i^2,{l}^2-i^2) - £” 






Therefore, by combining Lemma [4.II fl5^ and the equality flllSp which has obtained just 
before, we have the explicit value of £^’|;^|fei+fe2 2, {l}^^-!^ 2) if ki + k 2 is odd. By 

translating FSSMP into FHSMP, we have the equality (11241) and the first value of (11291) . 
The equality (I127p and the rest of (I129p are obtained by Proposition 13.111 By Corollary 
13.131 we have the following equality: 


pin,* 


(-1.1.1) 


-£ 


m,* 

A,({1}''1+''2-1,2,{1}''3-1) 


({l}fcl-1^2,{l}^2+fc3-l)_ 


After translating FSSMPs into FHSMPs, we have the equality (11311) by Lemma 14.121 
(11021) when ki is even and k 2 + k^ odd and we have the explicit value of £^*i 2)(2) 1/2) 
by Lemma [4.121 (11061) when fci = ^2 = ^3 = 1. The equality (11331) and the explicit value 
of £/(*2 i )(25 1/2) are obtained by Proposition [ETl The star cases of the equality (11391) 
are obtained by the following relations: 


£a,2(2)£^,i(1/2) = £X(2,i)(2, 1/2) + £X(i,2)(1/2,2) - 0(3) 
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and 

£ai(2)£a2(1/2) = £X(i.2)P. 1/2) + £X(2,i)(1/2. 2) - 0(3). 

By Theorem 13.121 we have the following equality: 

*«(-!■-1.1) =-llXiiO ({l/""'-{1}‘"''> 2. 

After translating FSSMPs into FHSMPs, we have the equalities (113511 and (113711 by 
Lemma 14.121 (1104^ when ki is even, k 2 odd, and k^ even and we have the explicit value of 
£^*Ii} 3(2, 1,1/2) by Lemma 14.121 (llOTh when fci = = fcs = 1. 

Next, we prove non-star cases. By Theorem 13.151 (I4T11 . we have 

(-1)”£:,.,„.({iU-M/2,2,{iU-‘) 

(142) ^ ^ 

= -£X(i).({iU”‘.2.1/2,{iU-‘)-(-1)‘‘£a(i)>.(1/2)4,(,)*2(2). 

Suppose fci, k 2 > 2. By Proposition 14.31 (l67|l and (l68|l . we have 

7 . (2fa-‘-l)(2‘'2---l) „ 

(2:) — 2'^~^kik2 -Dp-fci-t'p-fc2- 

If w is odd, then 

iA(.>-({l}‘‘'‘. 1/2.2. {1}‘“'‘) = ^Xw-dl}"""'. 2.1/2. {I}"’-') 

holds and if w is even, then 

iXi>”({lX‘^‘.l/2.2.{l}‘’““‘) 

-Bp-kiBp-k2 + (~1) ^ TTUXTTT Bp^kiBp^k2 = 0, 




2^-^kik2 ^ ^ 2^-^kik2 

holds by the equality (I120p . The case ki = 1 and k 2 = 1 are similar. Therefore we obtain 
the equalities (I117p and (111911 . Suppose that w is odd. By Theorem 13.151 (l4Tp . we have 

£:4,{ir (2, 1/2,2, {1}'=^-') = 2,1/2, 2) 

ki — l 

(143) + j](-l)'£yi,,(2)£X,„„_,({l}‘>-‘,2,l/2,{l}''‘-l-‘) 


i=i 


+ (-ir£Xii)‘.(2.{i} ‘ .i/2)j:aw=(2). 

Suppose that k 2 is even. £_4 |]^jfc2(2) = 0 holds by Proposition 14.31 (1^ . Furthermore, if 
j is even, £_4qip(2) = 0 holds and if j is odd, ({1}^^“^ 2,1/2, {1}^!“/'“^) = 0 

holds by the equality (I12UI1 . Hence, 


£ W (2i 1/2,2, {1}^-^) = £X{i}. ({l}'^-\ 2,1/2, {1}^-^ 2) 

holds and we have the equality (I122p by the equality (112411 . If m > 5 is odd, we have 

£X,.,„ (2,1/2,2, {1}"-=) - £X,„„ ({1}”-’, 2,1/2,2) 

= -£ai(2)£X,i,»-.({!}”■’. 2,1/2) + £Xip(2, l/2)£X|i,»-.(2) 


_ 2™—3 

~ ~(~2q'p(2)) —gp(2)i?p_m+2 + (~2gp(2) ) 


1 _ 2™-3 


p—m+2 


2m-4(^ - 2) 


2m-4 rn-2 


= 0 
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by the equality fll43p . Lemma 14.81 flHOjl . the equality fll2ip . Theorem 14.161 fll47p below, 
and Proposition 14.31 fl67ll . The case m = 3 is similar. Therefore, we have the equality 
fll23p . The equalities fll25p and fll26p are obtained by Proposition 13.111 The equalities 
fll28p are obtained by Corollary I3T6I fl42p and the equality fll29p . Since the equality fll30p 
is obtained by Proposition 13.111 we prove the equality fll32p . Suppose that ki + k 2 is odd 
and k^ even. By Theorem 13.151 flTip . we have 




1/2, 2, 2,1/2, {1}'=^+'=-^) 

~ (~1) ^ £.a,({i}'“1“'^,2,{i}*“2-1)(1/2)£.a,{i}'“3 (2). 


Since £_4 (2) = 0 by Proposition 14.31 (1671) . we have the equality (I132p by the equality 

(11311) . Suppose that ki is even, k 2 odd, k^ even, and ^2 > 1- By Theorem 13.151 (HTD . we 
have 


1 / 2 , 2 , 1 / 2 , 2 , { 1 }'=^-!) = 2 , 1 / 2 , { 1 }^^-^ 2 , 1 / 2 , 

+ (l/2)£r{ip3+.3 ({1}'=^-', 2,1/2, {l}'=-^ 2) 

j=o 

+ (-1)'=^+'=^ £1p}. 3+^2 ({1}"^-\ 1/2, 2, {l}'=-^ 1/2)£1{1P3 (2). 


For j = 0,...,/c 2 — 2, if j is odd, £^_{i}fei+i+i({l}^^ \1/2,2,{1}1) = 0 holds by the 
equality flll9p and if j is even. 


£* 




k2-j-‘2\ 


(a certain element of A) x Bp_k^ = 0 


holds by the equality (11201) . Furthermore, £_4 (1/2) = £_4 (2) = 0 holds by 

Proposition 14.31 (1^ and (l68p . Therefore we obtain the equality (11341) by the equality 
(I135F Similarly, we see that the equality (I136p holds. The non-star cases of the equalities 
(11381) . (11391) . and (11401) are also obtained by the star cases of them. □ 


Remark 4.15. The case m = 3 of the equalities (I128p 


(144) 


£Xi).(1.2,1) = -2£X„>(1.1/2,1) 



also have been obtained by Tauraso and J. Zhao [28l Proposition 7.1 (85)]. 
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Theorem 4.16. Let ki and k 2 be positive even integers and w = ki + k 2 + I- Then we 
have 


(145) 

(146) 

(147) 

(148) 

(149) 

(150) 


£%,^,p(2,l/2) = 

£%,{IP (1/2,2) = 

£X{ip(V2,2) = 


1 ( 2"'“^ — 1 

,l/2,2,{l}^-^) = --|l + ^^ 

1 r ^w-i _ 1 / 

,2,l/2,{lf-^) = -|l + ^^(^ 

—2gp(2) + ^q'p(2) — —i?p_3^ p, 



2?p(2) + ^q'p(2) 24^^”^) 

^i^P-3P, 


B 


p —IP 


w 


p, 


B 


p —tP 


w 


p, 


Proof. By Theorem 13.121 we have 


-£ -1) + ( £X(i,.o.2)(£ -£ -1) - £X(..ti,. 2)(-£ -1) )p 


^A2,{ki,k2) 


Therefore the equality (11461) is obtained by Lemma 14.121 fl99l) . (11031) . and Lemma 14.131 
(11121) . By Theorem 13.151 (l4T|) , we have 

£y,(i).-. ({1}‘‘“‘. 1/2.2, {1}‘=-') = -£y({l}‘=-‘, 2,1/2, {l}‘'-‘) 

ki—1 

- j;(-i)ic*({ir)£y,i,-,-.({i}*"-‘.2.i/2,{i}'“-i-‘) 

i=i 

-(-1)‘‘L.,(i)*.(1/2)£7,(,)*»(2) 

- |^(-l)‘-+‘+'£y,,i,.,««({l}‘>-‘,l/2,2,{ir)CA({l}'=»-‘-'). 


i=0 


For j = 1,..., fci — 1, if j is odd, then Ca 2({1}1) = 0 ^ind if j is even, then 

^ (^ certain element of A 2 ) x Ep.^^ = 0 
by Proposition 13.71 (l23l) and Theorem 14.141 (I120p . By Theorem 14.61 we have 

£. 42 ,{ 1}'=1 ( 1 / 2 )£ a 2 ,{ 1}'“2 ( 2 ) = 0 . 

For i = 0,..., ^2 — 2, if z is even, then Cm 2({1}^^~*~^) ~ 1* holds and if i is odd, then 

£y,(i)*.«+.({i}‘’‘"M/2.2.{i}‘)a({iu=') = o 


by Proposition 13.71 (l2^ and Theorem 14.141 (IllOp . Therefore, we have the equality (11451) 
by the equality (I146p . We also have the equality (I148p by applying Theorem 13.121 The 
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equalities fll47p . fll49p . and fllSOp are obtained by the following relations: 

„p(2,l/2) = £y,,i|,(2,l/2) +C*(2), 

£a,i(2)£a,i( 1/2) = £y,(i)=(2,1/2) + £y,,„=(l/2,2) + 0,(2). 
£a,i(2)£,i„i( 1/2) = £X,,„,(2,1/2) + £X,,„,(l/2,2) - 0,(2). 

□ 


4.2. Relation between Ono-Yamamoto’s FMPs and our FMPs. Ono and Ya¬ 
mamoto gave another dehnition of hnite multiple polylogarithms in the paper [2T] . Their 
purpose is to establish the shuffle relation of FMPs ([211 Theorem 3.6]). In this subsec¬ 
tion, we give the relation between Ono-Yamamoto’s FMPs and our FMPs. Furthermore, 
we calculate some special values of Ono-Yamamoto’s FMPs. 

Definition 4.17. Let k = (/ci, ..., km) be an index. Then Ono-Yamamoto’s finite multi¬ 
ple polylogarithm li|k(f) G Az[t\ is dehned by 

^/iH- \-l 

771 

+ ^2)^^ • • • (/l Im)^"' 

where the summation runs over only fractions whose denominators are prime to p. 

By the substitution 1 —)■ p — /j, we have 
(151) lik(r) = (-l)"'*«r''^P«hk(r-') 

for any non-zero rational number r. 

We prepare the following notations to discuss the relation between Ono-Yamamoto’s 
FMPs and our FMPs (cf. [2T1 Section 2]): 

|il 




^m,i '■= {fi'- [’ 21 ] —)■ [1] : surjective | 0 (a) 7 ^ 0 (a -f 1 ) for all a G [m — 1 ]}, 

:= I when 0 G 

m 

■= LJ ^m,i, ■= #{a G [i - 1 ] I 0 (a) > 0 (a -f 1 )} for 0 in 

1=1 


0 : 4>m —)■ [m] is dehned by 0(0) := 5(p{m) 1, := 0 ^(i), 

where i, I, and m are positive integers. 

Proposition 4.18. Let k = [ki, ..., km) be an index. Then we have 


(152) lik(«) = E E 


2=1 










Proof. We omit the proof because it is completely the same as the proof of [211 Proposition 
2.4]. □ 
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Corollary 4.19. Let ki,k 2 , and k^ he positive integers. Then we have 
(153) £'A,{k2,ki){t) t^ £‘A,{ki,k2){t) J 


(154) 


Ii(fcl,fc2,fc3) (^) ^A,{k3,k2,ki){t') t £'A,(k3,ki,k2){^') t^ LA,{k2,ki,k3){t^ 

+ ^^£A,(A:i+A:3,fc2) (^) ~k t^ £'A,{k2,ki+k3)it) 1“ ^ ^ £^,(^1 ,^ 2 ,^ 3 ) (^) ‘ 


In general, it is difficult to calculate each term in the right hand side of fll52p for 
1 < i < m. Therefore it seems to hard to calculate special values of Ono-Yamamoto’s 
FMPs. However, we can evaluate the following values: 

Proposition 4.20. Let k = {ki ,..., km) be an index. Then we have 


(155) lik(l) = 0, 

(156) iHip(-l) = lpip(2) = 2gp(2)^ lpip(l/2) = \q^{2)\ 

(157) hp,2)(-l) = li(2,i)(-l) = 0, 

(158) lifi,2)(2) —-gp(2)^ —-i?p_3, li(2,i)(2) —-9p(2)^ +-£fp_3, 

(159) li„.2)(l/2) = -Igpla)** + 1 bp- 3, li(2.i)(l/2) = -l<lp(2)‘’ - ifip-a, 

(160) li(,p(-l) = li(ip(2) = -l<lp(2 )’ - 1bp- 3, li{ip(l/2) = i<lp(2)’ + 

Proof. If m = 1, we have hiij;(l) = 0(1^) = 0. We assume that m is greater than or equal 
to 2. Let I be one of 2,..., m and Si the /-th symmetric group. We define an equivalence 
relation on as follows: (j) ^ (j)' holds for 0, 0' G if and only if there exists a E Si 
such that 0 = cr o 0' holds. We take and £x a system of representatives {0z,i,... of 
the quotient set ^m,i/Si where ii is the cardinality of ^m,i/Si. Then, by Proposition 14.181 
we have 


m 

hk(i) = a( Y Y 


m ii / / 

= Y L. 

1=2 s—1 \a£Si \ 4>l,a{j)=l 



We see that this is zero by Proposition 13.71 (l30|) . 

The equalities fll56p . fll57p . fll58p . fll59p . and fll60p are obtained by Corollary 14.191 
Lemma ITTI Proposition 14.31 Proposition 14.91 Lemma 14.121 fllOSp . and Remark [4.151 fll44p . 

□ 
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Appendix A. An elementary prooe oe the congruences between 

Bernoulli numbers and generalized Bernoulli numbers 

Let A be a positive integer and x a Dirichlet character modnlo N. The generalized 
Bernoulli numbers dehned by 

2^ e^^-1 ~ nV 

a=l n=0 

We use the following formula for non-trivial character y: 

1 ^ 

( 161 ) = — ^X(a)a. 

a=l 

In this appendix, we give an elementary proof of the following classical congruence: 

Proposition A.l. Let k be an integer greater than or egual to 2 and p a prime greater 
than k + 1. Let Up be the Teichmuller character. Then 

(162) = (modp). 

For an integer m and a positive integer n, we dehne to be mod p"') G An- 

Then we have B-^ ^-k = -Bp_fe in A by the above proposition^ Therefore we can express 
some FMZVs or some special values of FMPs by the generalized Bernoulli numbers, e.g. 

a(fc.fa) = + 

where ki and k 2 are positive integers. 

We can prove Proposition lA.ll bv using the Kubota-Leopoldt p-adic L-function (cf. [221 
Corollary 5.15]), however, we give a proof of stronger results by elementary calculations. 

Theorem A.2. Let k be an integer greater than or egual to 2. If k is odd, then 

k‘^-k + 6^ 2 o; , k^-3k + 2^ 

“- 2 - Bp-k — {k — 2k + 3)i?2p-fc-i H- - - B^p_k-2 

+ k{Bp_k - B2p-k-i)v> - k%_k-2v2 in A 3 
is even, then 

= -3fc(Sp_fc_i - .B 2 p_fc_ 2 )p in A 3 . 

Corollary A.3. Let k be an integer greater than or egual to 2. Then 

(165) B^^^-k = {k + 2)Bp_k -{k + l)%p_k-i in A 2 , 

(166) B-^ ^-k=Bp_k in A. 


(163) 

and if k 

(164) 


^See Example 13.31 about the notation Bm- 
Riemann zeta value C{k). See [lOj . 


The element Bp-k is considered as a finite analogue of 
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Proof. We can prove these by the same method as the proof of Theorem IA.2l or by Kum- 
mer’s congruences below. □ 

We consider congruences in the p-adic integer ring Zp. First, we recall Kummer’s 
congruences in the sense of Z. H. Sun. 


Proposition A.4 (Z. H. Sun [23]). Let p be an odd prime number. Let m and I be positive 
integers satisfying I ^ 0 (mod p — 1). Then 

(167) Bm(p-i)+i = mBp_i+i - (m - 1)(1 - p^~^)Bi (mod p^). 

This congruence is a generalization of Kummer’s congruence, that is. Bn = Bm (mod p) 
when n = m (mod p — 1). 

From now on, we £x an integer k greater than or equal to 2 and an odd prime p 
satisfying p > fc + 4. 


Lemma A.5. Let p and k be as above. Then 

-{k-l){Wp_k-iB2p-k-i+B‘ip^k-2)p-{fX^)Bp-k-2P^ {modp'^) if k is odd, 



{^){ 2 Bp^k-i - B2p-k-2)p^ (mod p"^) 

-kBp^kP + Bp^kP^ - {fX’^)Bp-k-2P^ (mod p'^) if k is odd, 
{^f^)Bp-k-ip'^ - ^^Bp_k-iP^ (mod p'^) ifk is even. 


if k is even, 


p-i 


^2p-k-i ^ I -(^ + VB2p-k-iP + 2B2p-k-iP^ - {*"f^)Bp_k-2P^ (mod p'^) ifk is odd, 
^ 1 (ft^)B2p-k-2p'^ - { 2 k + 3 )Bp_k-iP^ (mod p'^) 


a—1 

p-1 

E 


if k is even. 


3p-k-2 


-{k + 2 )B 3 p_k- 2 P + S{2B2p-k-i - Bp_k)p^ - ( 3 (mod p^) if k is odd, 

(ff^){2B2p-k-2 - Bp-k-i)p'^ - ^{ 2 k + 5 )Bp-k-iP^ (mod if k is even. 


Proof. The hrst congruence is deduced by Proposition 13.71 (j25ll . Let m be an integer 
greater than 3. Then, by Faulhaber’s formula, we have 


p-i 


a™ = 


m+l 


m + l 

a=l i=l 

^2 


m + l 




^ 4 

P p p 

= pBm + —rnBm-i + —m{m - l)Bm -2 + 7 ur"i(m 
2 b 24 


1 ) (m - 2 )Bm -3 (mod p'^) 


since ^5m+i-iP* = p'^(.™ )p5m+i-i+ and pBm+i-i,p" ^/i are p-adic integers for 

4 

i > 5. li m = p — k,2p — k — 1, OT 3p — k — 2, then |^m(m — l)(m — 2)Bm-3 also vanishes 
mod p"^ since i?m -3 is a p-adic integer by the von Staudt-Clausen theorem. Since Bm = 0 
if m > 3 is odd, we have 


p -1 


a=l 


pBp_k + ^k{k + l)Bp_k -2 (mod p^) 
^(p - k)Bp_k-i (mod p"^) 


if k is odd, 
if k is even. 


p-1 


a=l 


p -1 


a=l 


pB2p-k-i + ^(/c + 1)(A; + 2)i?2p-fc-3 
^{2p - k - l)B2p-k-2 (modp"^) 

pB3p-k-2 + ^(^ + 2)(A; + 
^{3p-k-2)B3p_k-3 (modp"^) 


(mod p"^) if k is odd, 
if k is even, 

(mod p'^) if k is odd, 
if k is even. 
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We obtain the desired formulas by changing each Bm to Bm and by Kummer’s congruence 
dlSZD, e.g. 


B^p—k—e —2 — ^B 2 p—k—£—i Bp_i^_^ (mod p ) 


where £ G {0,1}. 


□ 


Proof of Theorem \A.2[ We put oj := ujp. For a G , we dehne (a) to be oj{a) ^a. Then 
(a) G 1 + pZp. Let 


logp: 

be a p-adic logarithm function and let exp be the p-adic exponential function, which is 
the right inverse of log^. Then we have 


(168) 


(o) = exp(logp(o)) 


exp(logpa) = exp 



Let a := ^^logp(a^ logp(l + pqp{a)) G pZp where qp{a) is the Fermat quotient 

(See Dehnition 14.5p . Since we can check easily that a"‘/n\ = 0 (mod p^) if n > 4, we have 

(169) (a) = l + a + ^ + ^ (mod p^). 

2 6 

By dehnition of a p-adic logarithm, we have 


°° ( _1 1 

logp(l +pgp(a)) = ---p”gp(a)" 

n=l 


pqp{a) 



(mod p^). 


Therefore, by the congruence fll69p . we have 
1 


(a) = 1 + 


p-1 
1 / 1 


P<lp{a) - ^P^qpiaf + i/qp(a)^ ) + ^ 


6 \p — 1 


Pqp{a) - ip^qp(a)2 + ^p^qp{af 


2\p-l 
3 


2 / ^ ^ \ 2 
pqpia) - ■^p'^qpiaf + ^P^qpiaf 


= 1 - qpia)p - (qpia) - qp{a) )p - ( qp{a) - -qp{a) + 9 p(a)'^ ) p-^ (mod p ). 


Note that the last congruence is obtained by ~ 

N 3 ^ 

j = — ~ l)p*“^. By the binomial expansion, we have 
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Hence, by the equality fllbip . we have 


p—1 P~1 

= ^u~^{a)a = ^a}-^{a)'^ 

a—1 a—1 

= - kp'^a^-^qpia) - jfc^ a^“'=gp(a) “ 2 

a=l a=l I a=l ^ a=l J 


^9p(«) - ^ ''9p(o)^|p^ (modp^). 


p-1 


p-1 


Since 


a=l a=l 

p—1 p—1 


a=l 

p-1 


p-1 


^qp{ay = ^+ ^a 

a=l a=l a=l a=l 

p-1 


2p—k—l 


p—1 p—1 p—1 p—1 p—1 


p“ E = - E ^ a>-‘ - 3 E + E 


3p—k—2 


a=l 


a=l 


a=l 


a=l 


a=l 


we have 


pBi^^-k = 


f + Qk^ + 5fc + 6 

1 6 


k^ + U)p+kp‘\j2<‘'-‘‘- 


p-1 


I + 5k'^ 


>1 p-1 

+ {k'^ + k)p + kp^ > ^ ( 

^ a=l 


p-k 


\ 


+ h^ + 5 h E 


f + 4/c^ — 3/c . f ,pi . k\ 1 + 3fc^ — 4fc 


2 V 27"!^ 6 

a—1 


■E 


3p-fc-l 


(mod /). 


If A; is odd, by Lemma IA.51 we have 

+ P + |-(fc - l)(3Bp_fc - 3i?2p-fc-l + B3p-k-2)p 


^ f + 6fc^ + 5fc + 6 

pBi^^-k = - 


6 

A + 1 

1 3 rj 

f k } -kBp^kP + Bp-kP^ - 


Bp—k—2P 


\ 


CJ') 


Bp—k—2P 


( k^ + Ak^ — 3fc 


+ ' 1 ^--+ + l)^2p-fc-iP + 2i?2p-fe-iP^ — 


Cl') 


Bp—k—2P 


k^ + 3fc^ — 4fc 


g 1 {/c + 2)i?3p_/j;_2P T 3(2i?2p—fc—1 -Sp—fc)p [ ^ jBp—/^—2P 


„2 _ + 4 


— fc + 6 


- 3A + 2 . 


Bp—k {k 2/l + 3)-B2p—fc —1 4” -^3p—fc —2 ^ P 


2 p-'- \ / 2 

+ k{Bp_k - B 2 p-k-i)p^ - kBp_k- 2 P^ (mod p'^). 

If k is even, then 

f/c^ + + 5fc + 6 /,n 3,\ ,oir/A: 

2 


= 1 '^ ' g' + (^A:^ + -kj p + A:p2 j I (2Sp_fc_i - B2p-k-2)p^ 

[k^ + bk"^ ,,2 , , ,_2l + „2 2A: + lg 3 


1 


+ {k^ + k)p + kp^ 



Bp—k—lP 


-Bp—k—iV 
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rfc3 + 4P-3fc /,2 k\ ](I 

n—^—+r^2j"n( 

k^ + 3k^-Ak r A + 3V^3 
6-2 

= -3k{Bp_k-i - B 2 p-k- 2 )p^ (mod p^^). 
This completes the proof. 


^ 2 B2p-k-2V^ - {‘2k + 3)Bp_k-ip^^ 

- Bp_k-i)p‘^ - ^{2k + 5)Sp_fc_ip^| 


□ 


Appendix B. Table oe sueficient conditions for congruences 

In this appendix, we give a sufficient condition that the congruence obtained as each 
p-component of the special value of a FMP holds. First, we list the equalities whose 
p-component congruences hold for all prime numbers: Theorem lOldTI) and ([2]), PropositionlO 
(l?T1) and ((5^ . Proposition Id.llKiMl) . (1551) . and (1551) . Theorem l3.12l ((571) . Corollarv l3.13l (155)) . Remark fd.ldl 
(1551) and (1151) . Theorem l3.15l (HTI) . Corollary 13. 161 (1151) . (HU) , and (1151) . Proposition 13.211 (1511) . Proposition 
14.21 (1551) . Subsection 14.21 (11511) . Proposition 14.181 (I152L and Corollary 14.191 (11531) and (11541) . Here, we 
understand non-star sum (e.g. the p-component of 0(1^)) as 0 if p < dep(k). 

Table 1. Lemma 13.41 Proposition 13.71 Corollary 13.161 Theorem 13.181 
Lemma [3. 201 Theorem l3.221 Corollarv l3.231 Lemma l4Tl LemmaPropo¬ 
sition 14.31 Theorem 14.61 Lemma 14.8) Proposition 14.91 Proposition 14.111 
Lemma 14.121 Lemma 14.131 Theorem 14.141 Remark 14.151 Theorem 14.161 
Proposition 14.201 Theorem IA.21 and Corollary lA.31 


number 

(EOl) 

(EaD 

m 

(ESD 

condition 

p > n 

p > mk -b 2 

p > k + 3 

p > /c -b 4 

number 

(EED 

(EZD and (EHD 

(EHD 

(EoD 

condition 

P > fcl -b ^2 - 1 

p > tc -b 1 

p > w' 

p > wt(k) -b 1 

number 

m 

m 

(1461) and (HZD 

dlHD, (EOD, (EHD - (EHD 

condition 

p> k2 

p > mk + 1 

p > fci -b A;2 -b 1 

p > m -b 1 

number 

115911 and ([60]) 

dSH) 

dSHD - dSSD 

1I67D and 1I68D 

condition 

p > tc -f 1 

p > m -b 2 

p > tc -b 2 

p > m -b 1 

number 

(169D - (172D 

dUD and (175D 

dZHD - dHSD 

dHSD - dHHD 

condition 

p > w + 1 

p > m -b 2 

p > 3 

p > 5 

number 

199) and 1100) 

1101) 

1102) - 1104) 

1105)- 1108) 

condition 

P > fci + ^2 + 1 

p > m -b 2 

p > tc + 1 

p > 3 

number 

(EID and ([mD 

11TT3D and KTRI) 

K™ and moo 

1I1170-1I12OP, 111220, 
111241), ra, 1IT271) 

condition 

p > fci -b ^2 + 2 

p > 3 

p > 5 

p > tc -b 1 

number 

1[T^ 

111230,111260, 

1IT28D,1IT29D 

IpUD - ([I35D 

1(1361) and KTTTO 

condition 

p > m -b 2 

p > m -b 1 

p > tc' -b 1 

p > w -b 2 

number 

1I138D - 1I140D, 1I144D 

111450 and 111460 

111470 - 1I15O0 

(nm 

condition 

p > 3 

p > tc -b 1 

p > 3 

p > wt(k) -b 1 

number 

111561) - 111601) 

111630 and 111640 

111650 

111660 

condition 

p > 3 

p > fc -b 4 

p> k + 3 

p > k + 2 
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For example, fl2^ in the above table means that 




E 


p—l>ni>-">n^>l 


nj * * • 


= k—^ - p 

mk + 1 


(mod p^) 


holds for any positive integers m, k and any prime p satisfying p > mk + 2. The mod p 
version 

(modp) 

holds for p > mk + 1 (cf. [SI Theorem 4.4]). 
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